The flexoelectric effect is the response of electric polarization to a mechanical strain gradient. It can be viewed as a higher-order effect with respect to piezoelectricity, which is the response of polarization to strain itself. However, at the nanoscale, where large strain gradients are expected, the flexoelectric effect becomes appreciable. Besides, in contrast to the piezoelectric effect, flexoelectricity is allowed by symmetry in any material. Due to these qualities flexoelectricity has attracted growing interest during the past decade. Presently, its role in the physics of dielectrics and semiconductors is widely recognized and the effect is viewed as promising for practical applications. On the other hand, the available theoretical and experimental results are rather contradictory, attesting to a limited understanding in the field. This review paper presents a critical analysis of the current knowledge on the flexoelectricity in common solids, excluding organic materials and liquid crystals.
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Introduction
The flexoelectric effect is an electromechanical effect in which the dielectric polarization exhibits a linear response to a gradient of mechanical strain. The name originates from the Latin word flexus meaning 'bend' and is related to the fact that a strain gradient naturally arises in bent plates. This effect can be viewed as a high-order electromechanical phenomenon with respect to the piezoelectric effect, which is a linear response of the dielectric polarization to a mechanical strain. Currently, the terms 'flexoelectric effect' and 'flexoelectricity' are used in two areas of condensed matter physics: in soft matter (liquid crystals and biological materials) [1] [2] [3] [4] and in common solids. In this paper we are interested in the case of common solids, excluding polymers. Though the existence of the flexoelectric effect in solids was predicted in the 1950s, only very limited attention was paid to it up to the end of that century, primarily because the effect was expected to be weak. However, recently, the situation changed. First, systematic experimental studies on flexoelectricity in ferroelectric ceramics suggested that the response can be several orders of magnitude stronger than was expected based on theoretical estimates. Second, in line with the 'ever green' trend to miniaturization, as length scales decrease larger strain gradients and, correspondingly, larger flexoelectric effects are expected. Judging from the number of publications on flexoelectricity in solids (figure 1), the total volume of activity in the field is still modest but the field is evolving rapidly. Several reviews have already been published on flexoelectricity in solids [5] [6] [7] [8] [9] [10] [11] [12] , some of them quite recently. Based on these publications, one finds the big picture of the field, which leaves a mixed impression. On the one hand, the flexoelectric effect looks promising for practical applications and helps to explain a number of phenomena, especially at the nanoscale. On the other hand, the available theoretical and experimental results are rather contradictory, attesting to a limited understanding of flexoelectricity. Another feature of the development in the field is the variety of terminology and methods used in different papers, which sometimes obscures the links between different results. Under such circumstances, a unified discussion of the fundamentals of flexoelectricity is needed. Such a discussion, with an accent on the recent developments, is the main objective of the present review article. 
Historical overview and outlook of the field
The flexoelectric effect in solids was first identified theoretically by Mashkevich and Tolpygo [13, 14] based on their studies of lattice dynamics in crystals. The first phenomenological framework for the description of this effect was offered by Kogan [15] in 1964, who did it in the context of electron-phonon coupling in centrosymmetric crystals, where the flexoelectric coupling may play an important role. In 1965 the microscopics of the flexoelectric effect was addressed by Harris [16] . In 1968 a phenomenological framework for the description of the effect was proposed by Mindlin [17] . The first microscopic calculations of the coefficients controlling flexoelectricity were performed by Askar et al [18] in 1970 for a number of simple crystals. By that time, only very limited experimental information on the flexoelectric effects in solids had been collected [6] . All the aforementioned theoretical and experimental activity did not deal with ferroelectrics. Flexoelectricity in ferroelectrics, the materials in which this effect looks to be interesting for practical applications, was first addressed by Bursian and coworkers [19] [20] [21] . They characterized flexoelectricity in the classical ferroelectric BaTiO 3 and demonstrated switching of spontaneous polarization driven by a strain gradient. These authors also developed a phenomenological theory of the flexoelectric effect in a finite plate of a ferroelectric. One of the results of this theory-that the flexoelectric effect should be strongly enhanced in materials with high dielectric permittivity (ferroelectrics)-played a decisive role in the development of the whole field. Meanwhile, on the experimental side, an important manifestation of the flexoelectric effect was identified by Axe et al [22] based on the analysis of phonon spectra in ferroelectrics. These authors uncovered a strong impact of this effect on the low-energy phonon spectra in perovskite ferroelectrics. It was also pointed out that the flexoelectric coupling may readily lead to the formation of modulated incommensurate structures in dielectrics. In 1981, a Landau-type theory for the flexoelectricity in ferroelectrics was offered by Indenbom et al [23] . Before this paper, in studies of the flexoelectric effect in solids, the term 'flexoelectric effect' was not used. It was sometimes called 'non-local piezoelectricity' [21] . The term 'flexoelectric effect' in application to solids was introduced by Indenbom et al [23] , who borrowed it from the physics of liquid crystals, where this term was used for the description of a similar phenomenon. At that time, as also clear from the terminology used, the effect was commonly treated as a tight analogue of piezoelectricity. The situation changed as a result of the theoretical works by Tagantsev [24, 25] in the late 1980s, who demonstrated, using both phenomenological and microscopic approaches, that the situation is more complicated and that there are non-trivial dynamic and surface contributions to the flexoelectric response, having no analogs in piezoelectricity. He also formulated a simple framework enabling the calculations of the flexoelectric coefficients from the dynamical matrix of the crystal.
There was a very limited interest in flexoelectricity in solids before the systematic experimental studies of the effect in ferroelectric ceramics by Cross and coworkers in early 2000s [7, [26] [27] [28] [29] . In some systems, e.g. (Ba, Sr)TiO 3 ceramics, the flexoelectric effect was found to be much stronger than was expected based on order-of-magnitude estimates for crystals. Later, the flexoelectric response was characterized in a number of ferroelectric ceramics [30] [31] [32] [33] [34] and single crystals [22, [35] [36] [37] [38] [39] [40] , using direct (polarization response of a strain gradient in finite samples) or indirect (from phonon spectra or data on thermodynamically linked effects) methods. The most detailed information was obtained on SrTiO 3 crystals by Zubko et al [41, 42] .
Experimental studies of the flexoelectric effect stimulated the interest of theorists.
First, the flexoelectricity was addressed in terms of microscopic theories. The ionic contribution to flexoelectricity was evaluated for several perovskite ferroelectrics and bi-atomic crystals by Sharma and coworkers [43] using the framework offered by Tagantsev [25] . Ab initio calculations of this contribution were performed by Hong et al [44] and Ponomareva et al [45] for SrTiO 3 , BaTiO 3 , and their solid solution. The first-principles calculations of the purely electronic contribution to flexoelectricity have been done by Hong and Vanderbilt for a number of crystals, including classical perovskites [46] . The concept behind these calculations, stemming from the classical work by Martin [47] , was formulated by Resta [48] . The electronic contribution to flexoelectricity in carbon nanosystems was evaluated by Dumitrica et al [49] and Kalinin and Meunier [50] using ab initio calculations.
The specifics of flexoelectricity in a finite sample was another intriguing issue for theorists. The conventional phenomenological approach was bridged [51] to Bursian's theory [21] and the importance of the surface effects in the flexoelectric behavior of ferroelectrics was identified by Tagantsev and Yurkov [51] . It was shown by Indenbom et al [23] , Eliseev et al [52] , and Yurkov [53] that taking flexoelectricity into account will lead to a modification of the electrical and mechanical boundary conditions.
An important breakthrough in the field was due to the work by the group of Cross [54] [55] [56] , who demonstrated piezoelectric meta-materials, e.g. composite materials made of non-piezoelectrics but exhibiting the macroscopic piezoelectric response (due to the local strain gradients and flexoelectricity). The effective piezoelectric response of such meta-materials was shown to be comparable to that of commercial piezoelectrics. Important theoretical results on piezoelectric meta-materials and other systems exhibiting an effective piezoelectric response were reported by Fousek et al [57] (symmetry consideration) and by Sharma and coworkers [58] [59] [60] (continuum-theory calculations).
It was recently realized that the flexoelectric coupling may interfere with various physical phenomena in solids. The scope of relevant theoretical studies is wide. Let us mention some of them. The Landau-theory modeling of ferroic domain walls by Morozovska and coworkers [61, 62] and Yudin et al [63] demonstrated an essential impact of flexoelectricity on the properties of the domain walls (structure, energy, and electrical conductivity). Majdoub et al [64] and Zhuo et al [65] modeled the 'dead layer' effect on ferroelectric thin films conditioned by flexoelectricity. Modeling of flexoelectricity-driven internal bias in thin films was offered by Catalan et al [66, 67] , while a scenario for the flexoelectricity-driven imprint was offered by Abe et al [68, 69] and modeled by Tagantsev et al [70] . The continuumtheory analysis incorporating flexoelectricity identified some unexpected manifestations of this phenomenon. For example, the Texas group of Sharma [71] [72] [73] identified an important role of flexoelectricity in the hardening of ferroelectrics at nano-indentation; Morozovska et al showed that the flexoelectric effect can play an important role in the electromechanical properties of moderate conductors [74] .
Recent experimental studies on flexoelectricity-driven phenomena are also numerous. The results of these studies attest to the key feature of the flexoelectric effect, namely, that a strain gradient (via the flexoelectric coupling) may work as an electric field: it can induce poling, switching, and rotation of polarization; it can create a voltage offset of hysteresis loops and smear the dielectric anomaly at ferroelectric phase transitions. Below we name some of these studies. The poling of quasi-amorphous BaTiO 3 by special thermal treatment was reported to be assisted by flexoelectricity by the group of Lubomirsky [75] . Flexoelectricity-driven internal bias in thin films of HoMnO 3 was documented by Lee et al [76] . The active control of polarity by strain gradients in thin films was reported by Gruverman et al [77] , who demonstrated that the polarization state of a ferroelectric Pb(Zr, Ti)O 3 capacitor can be reversed by strain gradients generated by bending of the underlying Si substrate. A similar phenomenon, but at the nanoscale, was studied by Lu et al [78] , who used the inhomogeneous deformation caused by pushing with the tip of an atomic force microscope in order to switch the polarization of an ultrathin BaTiO 3 film. Finally, the ability of a stain gradient to smear a dielectric anomaly in ferroelectric thin films was proved experimentally by Catalan et al [66] .
Description of bulk flexoelectric effect in crystals
In this section we present the fundamentals of the phenomenological and microscopic theory of the bulk flexoelectric effect in crystals. Classical and recent developments will be presented in a unified framework.
Static bulk flexoelectric effect-phenomenology
The phenomenological approach provides an adequate description of the bulk flexoelectric effect. However, in contrast to the piezoelectric response, the treatment of the flexoelectric effect in the static (e.g. in a bent plate) and dynamic (in a sound wave) situations generally requires separate treatments [6, 25] . Let us start with the static case.
Following Kogan [15] we introduce the flexoelectric effect via the constitutive equation for the electric polarization P i P i = χ ij E j + e ijk u jk + µ klij ∂u kl ∂x j
where E i , u jk , and ∂u kl /∂x j are the macroscopic electric field, the strain tensor, and its spatial gradient, respectively. Hereafter the Einstein summation convention is adopted. The first two rhs terms of this equation describe the dielectric and piezoelectric responses with the tensor of the clamped dielectric susceptibility χ ij and the piezoelectric tensor e ijk , respectively. The last rhs term of equation (1) describes the linear polarization response to a strain gradientflexoelectric effect. The strain tensor is defined as the symmetric part of the tensor ∂U l /∂x j , u jk = 1/2(∂U j /∂x k + ∂U k /∂x j ), where U i is the displacement of point x j of the medium. The antisymmetric part of the tensor ∂U l /∂x j , jk = 1/2(∂U j /∂x k − ∂U k /∂x j ), corresponding to rotations of the sample as a whole, evidently does not contribute to the polarization response. As for the gradients of jk , it can contribute to the polarization response. However, ∂ kl /∂x j are not included in this constitutive equation since, as was shown by Indenbom et al [23] , these can always be presented as a sum of the components of tensor ∂u kl /∂x j . The fourth rank tensor µ klij controlling the flexoelectric effect in equation (1) , the flexoelectric tensor, is symmetric with respect to the permutation of the first two suffixes. In general, it is not always possible to use for µ klij the 2-suffix Voigt tensor notations. However, when possible, e.g. for the crystals of the cubic symmetry, we will use these notations for µ klij as for other fourth rank tensors hereafter. The coefficients in the Voigt tensor notations are used in accordance with the reference text [79] , for µ klij same convention as for the stiffness tensor c klij is applied. The flexoelectric tensor is allowed in materials of any symmetry (including those amorphous), in a sharp contrast to the piezoelectric tensor, e ijk , which is a third rank tensor and allowed only in non-centrosymmetric media. This makes the principal difference between piezoelectricity and flexoelectricity, as the latter is a general phenomenon having no symmetry limitations. Since the piezoelectric and flexoelectric tensors describe the properties of a material in the absence of a macroscopical electric field, these can also be defined as
A more advanced description of both electromechanical (piezoelectric and flexoelectric) effects is the thermodynamic one, which enables the identification of the thermodynamically related converse effects and provides a proper basis for the studies of stability of the system (see section 6.2). Such a description is given by the following expansion of the thermodynamic potential density in terms of polarization, strain, and their derivatives
Its differential is defined as
This expansion does not contain anharmonic terms (i.e. the electrostriction term is omitted). When nonlinear effects are of interest, these can readily be incorporated into the framework, as done in section 4.2.
If we set to zero the coefficients for the gradientcontaining terms, the bulk equations of state of the material can be found by a simple minimization of the potential density (4) with respect to the polarization and strain. Such a minimization leads to linear electromechanical equations for a piezoelectric:
It is seen that equation (5) is consistent with the dielectric and piezoelectric responses introduced by (1) with
In turn, equation (6) describes Hooke's law and the converse piezoelectric effect. Thus the term ϑPu of expansion (4) controls the piezoelectricity in the material. For clarity of the presentation, we will drop this term in the following discussion. This discussion can be readily generalized to piezoelectrics by taking this term into account. Thus, we address flexoelectricity using the thermodynamic potential density (4) with ϑ = 0. Here it is proper to present G as the sum of two contributions:
where
ijkl is called flexocoupling tensor. The free energy in the form given by equation (9) was introduced by Indenbom et al [23] for the description of the static bulk flexoelectricity.
Now that the potential density contains gradient terms, to get the equation of state, one should minimize the thermodynamic potential of the sample as a whole G dV (integrating over the volume of the sample), i.e. to apply the Euler equations ∂ G /∂A − d dx (∂ G /∂(∂A/∂x)) = 0, where A stands for P and u. Such a minimization yields the bulk constitutive electromechanical equations in the form proposed by Mindlin [17] 
It is seen that, in the case where the strain gradient and the polarization are homogeneous, equation (10) reproduces the flexoelectric effect introduced by (1) with
Equation (12) links the flexoelectric and flexocoupling tensors, suggesting that the flexoelectric response should be enhanced in materials with high dielectric constants (high-K materials) such as ferroelectrics [23] . It is also clear from this equation that via the flexoelectric coupling the strain gradient works as an electric field. Equation (11) enables us to recognize the thermodynamically conjugated effect to the static bulk flexoelectric response-converse flexoelectric effect, which consists of the contribution to the mechanical stress, proportional to the gradient of polarization [23] .
An approximate form of the constitutive equations (10) and (11) , where the last rhs term in (10) is neglected and equation (11) is rewritten in terms of E, neglecting the appearing contribution ∝ ∂ 2 u ik ∂x j ∂x l , is also used [7] :
In the case of relatively small 'exogenous' gradients (produced, for example, by mechanical bending of a sample) this form of the constitutive equations is suitable. However, in the case of the 'endogenous' strong gradients (at domain boundaries and interfaces or the lattice displacement waves like phonons) the application of this form is limited. It is worth mentioning that the last term in equation (8) does not contribute to the bulk constitutive electromechanical equations. This can be concluded directly from the fact that its contribution to the thermodynamic potential of the sample can be transformed to an integral over the surface of the sample: − 1 2 (f 1 + f 2 ) uP dS. Thus, the thermodynamic potential density (9) provides a full phenomenological description of the static bulk flexoelectric effect.
It is instructive to compare the converse effects for the piezoelectric and flexoelectric responses. It can be seen from equations (5), (6) , (10) , and (11) that in both cases the converse effect is controlled by the same tensor as the direct one 1 . Based on equations (5) and (6) , one can discuss the symmetry between the converse and direct piezoelectric effects. Namely, as follows from equation (5) , under the short-circuited conditions (E = 0), strain induces polarization while, as follows from equation (6) , under the mechanically free conditions (σ = 0), polarization induces strain. However, equations (10) and (11) suggest a certain asymmetry between the direct and converse flexoelectric effects: as clear from equations (10) and (11) , in the absence of an electric field, a strain gradient induces homogeneous polarization while, for the converse effect, in a mechanically free sample, homogeneous polarization does not induce a strain gradient. This asymmetry provoked a judgment that a sensor based on the flexoelectric effect will not behave as an actuator [7] . This judgment, however, is not supported by the accurate analysis of the flexoelectric behavior of a finite sample [51] . We will address this issue in section 5.1.
Microscopics of static bulk flexoelectric effect
At the microscopic level, the flexoelectric response is controlled by the redistribution of the bound charge of a crystal driven by a strain gradient, where ionic and electronic contributions can be distinguished. The theories of this phenomenon provide relationships between the flexoelectric tensor introduced phenomenologically and the microscopical parameters of the material (e.g. the dynamical matrix which describes the energy of interatomic interactions in the crystal). In this subsection we will briefly outline such theories.
The microscopic theory of the static bulk flexoelectric effect has been developed using two methods: the first is based on a calculation of the average polarization induced in a finite sample by a homogeneous strain gradient in the absence of a macroscopic electric field, in agreement with definition (1)-(3). Such a polarization corresponds to one that can be experimentally measured by integrating the short-circuiting current passing between the plates of a capacitor containing the sample subjected to the strain gradient [25] . Alternatively, one can use the so-called long-wavelength method, originally introduced into the lattice dynamics theory by Born and Huang [80] . In this method, one considers a sinusoidal wave of elastic deformation and calculates the amplitude of the induced polarization wave, based on lattice mechanics of crystals and the basic definition of polarization. Then the microscopic expressions for the flexoelectric tensor can be found by comparing the results of these calculations with the amplitude of the induced polarization wave calculated within the basic constitutive equation (1) [25, 46, 48] . Both methods can be readily used for calculating the flexoelectric response of ionic crystals, when treating the ions as point charges [25] . The general situation where the charge in the crystal is not necessarily localized can be treated using the continuum-charge-density approach offered by Martin [47] in terms of the long-wavelength method. Though this approach is equally applicable to the case of point charges, it is useful indeed for calculating the purely electronic contribution to the flexoelectric response, as was demonstrated by Resta [48] and Hong and Vanderbilt [46] .
In the subsections below, we will address the microscopics of the electromechanical response in terms of point-charge and continuum-charge-density approaches, using both finite-sample and long-wavelength methods, which enables us, as we will see later, to unify the theoretical results obtained in the field. The issue is subtle in view of ambiguities associated with the microscopic definition of polarization. It will be shown that the polarization response is mainly due to parts of atomic displacements, which appear due to the discrete nature of the crystal. These parts are known as internal strains [80] and may be obtained from real displacements by subtraction of parts corresponding to deformation of a crystal by the laws of continuum elastic media, known as external strains 2 .
3.2.1. Finite crystal: point-charge approximation. Consider the flexoelectric response of a finite crystal which is modeled as consisting of point charges Q n located at points with coordinates R n,i where n enumerates charges and i is the Cartesian suffix. This can be done by calculating the variation of the average dipole-moment density of the sample
where w n,i is the displacement of the charge (from its original position at R n,i ) induced by the deformation, and V and V fin are the sample volume before and after the deformation; the summation over all the charges of the sample is implied. To evaluate the flexoelectric tensor, µ klij , the calculation should be carried out under the condition of vanishing macroscopic electric field in the sample, in accordance with definition (3). This equation actually describes the total electromechanical response of the system, including piezoelectricity. We will include the latter in the following treatment as well, which provides a good benchmark for discussing flexoelectricity. In general, the displacements w n,i can be presented in the form
where x 0 j are the coordinates of an immobile reference point. The first rhs term in this equation, also known as external strain [80] , represents the contribution of the unsymmetrized strain ∂U i /∂x j taken in the so-called elastic medium approximation, the other contribution is referred to as internal strain. The difference between the external and internal strains can be understood as follows. Consider a crystal and a continuous medium with elastic constants identical to those of the crystal. Then, let us mark in the medium a mesh corresponding to the positions of the atoms in the crystal (see figure 2) . If we deform the medium according to the unsymmetrized strain ∂U i /∂x j , then the deformation of this mesh indicates the external strains of the atoms, figures 2(b), (e), (h). A model, where deformation of a crystal is described by external strains only is hereafter referred to as an external strain approximation. For a material where all atoms are centers of inversion, the external strain fully describes the atomic displacements caused by a homogeneous deformation, figures 2(b) and (c). However, in the general case, in view of the discrete nature of the crystal, it behaves differently from an elastic medium and the external strain approximation does not hold. Then there appears a difference between the real displacement of an atom and its external strain.
This difference is known as internal strain [80] and is described by the second rhs term in equation (16) . Under a homogeneous deformation, internal strains appear only in material where not all atoms (or none of them) are centers of inversion [80] , figures 2(e), (f). At the same time, under a deformation gradient, internal strains, in general, appear in materials of any symmetry, figures 2(h), (i). It is also worth mentioning that typically the magnitudes of external strains are much larger than those of internal strains. For instance, if a sample, the dimensions of which are about L, is under a strain u 11 , the external strains are about Lu 11 , while the internal strains are much smaller than the lattice constant of the material.
In the lowest, to within the amplitude of the deformation, approximation, the internal strains can be presented as linear functions of the strain tensor and its gradient [25] :
For the case of an ideal crystalline lattice, H ik n,j and N ikl n,j can be calculated in terms of lattice dynamics theory [25, 80] . Obviously H ik n,j = H ki n,j and N ikl n,j = N kil n,j . Though we leave the lattice dynamics theory behind the calculations of the N and H factors out of the scope of this paper, we would like to make an important remark. This theory as used in these calculations deals only with small elastic deformations of the ideal lattice. Thus, only small relative variations of the interatomic distances are considered and any strong variations of the lattice (such as the dislocation formation or atom hopping in highly anharmonic crystalline lattices) are not covered. The flexoelectric effect associated only with such small relative variations of the interatomic distances will be discussed in this paper, except for section 4.3.4. Now inserting (17) and (16) into (15) and keeping the lowest terms in the amplitude of the deformation, we find for the variation of the average polarization of the sample induced by the mechanical perturbation:
The first and second rhs terms of this equation are conditioned by the internal strains. The first one controls piezoelectricity. For a piezoelectric, the sum p Q p H ik p,j taken over the crystalline unit cell is not, in general, zero [80] and the first rhs term of (18) is dominated by the bulk contribution. Then, neglecting the surface contribution to the sum over the sample, one can pass from the summation over the sample to that over the unit cell, and comparing the result with the basic relationship (2), one derives the microscopic expression for the piezoelectric tensor [80] 
where the summation is taken over the ions in a unit cell of volume v. In the application of this expression to real ionic systems, the Q p have the meaning of the transverse Born effective charges [47] rather than just ionic charges. A similar treatment leads to the flexoelectric tensor given by (20) where the summation is again taken over the ions in a unit cell.
Next we discuss the last rhs term from (18) . This term is conditioned by the external strains (the integral term in (16) ) and the change of the sample volume. It explicitly depends on the termination of the ionic sample, eventual reconstruction of its surface, and the presence of the additional free charges on it. For the case of a response to a homogeneous strain in the macroscopic sample of a piezoelectric, this term can be eliminated using the condition of the absence of the macroscopic electric field in the sample [25] . This contribution, however, cannot be fully eliminated in the case of the flexoelectric response, bringing about the so-called surface flexoelectric effect, which will be addressed separately in section 5.3.
Equation (18) also describes an additional contribution to the integral flexoelectric response of a finite sample-the so-called contribution of the surface piezoelectricity to flexoelectric response. It is related to the fact that the sum n Q n H ik n,j taken over the distorted layer adjacent to a face of the sample should not, in general, be equal to zero, in view of the symmetry-breaking effect of the interface. We will discuss this contribution separately in section 5.2.
The approach presented above deals with a model viewing a solid as a system of point charges, which is a reasonable approach to describing electromechanical effects in ionic solids. It is suitable for a quantitative evaluation of bulk flexoelectricity in this kind of solid. The tensor N ikl n,j above, which links the internal strains and strain gradients, can be calculated from the dynamic matrix of the material [25] , which in turn can be obtained from ab initio lattice dynamics simulations. Using this tensor and the transverse Born ionic charges (obtained, e.g., from Berry-phase calculations) one can calculate the µ-tensor using equation (20) . This approach was implemented by Pradeep Sharma and coworkers from the University of Texas to calculate the flexoelectric coefficients for a number of materials [43] . We will discuss the results of these calculations in section 6.3.1.
Summarizing this subsection we can state that the treatment of the polarization response to a strain gradient in the point-charge approximation given above identifies the bulk flexoelectric response as originating from the internal strains induced by the gradient of the elastic deformation. This is a direct analogy to the piezoelectric response, which is controlled by internal strains that depend on the elastic deformation itself.
Long-wavelength method: point-charge approximation.
There exists an alternative approach to that discussed in the previous subsection, the so-called long-wavelength method, which provides an assessment of bulk flexoelectricity in a crystal without dealing with the surface contributions. Within this approach one considers an elastic wave in the crystal with a wavelength which is much larger than the typical interatomic distance and calculates the amplitude of the induced polarization wave. Then the flexoelectric tensor can be found by comparing the results of the calculations with the amplitude of the induced polarization wave calculated using the basic constitutive equation (1) . In this subsection we will outline the implementation of this method to the calculation of the flexoelectric tensor in a model of the ionic crystal, following [6] . In such a model the ions are considered as point charges placed at the points with the coordinates
where N is the lattice translation vector and y p,j is the vector specifying the position of the pth ion in the elementary unit cell.
Consider an elastic wave characterized by a wavevector q and an angular frequency ω. In general, the ionic displacements in such a wave can be written in the form
wherew p,j are the amplitudes of the ionic displacements and t stands for the time 3 . The amplitude,P j , of the polarization wave
can be found using the definition of the polarization
where δρ is the elastic-wave-induced variation of the charge density, which is averaged over a macroscopic scale.
In the point-charge model now considered, the microscopic charge density reads
where Q p stands for the charge of the pth ion in the unit cell and δ( x) denotes the delta-function defined in the 3D space. In this model, the linear response of the charge density to the displacement wave (22) can readily be found in the form
corresponding to the amplitude of the wave of the average charge density [6] 
Using (27) and the Fourier representation of (24), one finds the equation for the amplitude of the polarization wavẽ
The amplitude of the polarization wave satisfying this equation readsP
Strictly speaking, equation (28) taken in this form defines only the longitudinal polarization component. In solution (29) the transverse components of the polarization are introduced consistently with the case of a finite sample, equation (18) . In the long-wavelength limit (i.e. at q → 0) we are interested in, the amplitude of the atomic displacementsw p,j can be expanded in powers of q, ω, and the amplitude of the acoustic waveŨ i to find [25] 
Here the first rhs term is independent of the suffix p. (29) one finds the amplitude of the polarization wave, which, using the aforementioned relationships for the factors A and B, can be cast in a form suitable for comparison with the phenomenological results given above:
where the tensors e ijk and µ kjis come from equations (19) and (20) . In equation (31) , i(q kŨj + q jŨk )/2 and −q s (q kŨj + q jŨk )/2 are nothing but the Fourier components of the strain tensor and its gradient. Taking this into account, one sees that the result of the long-wavelength method, (31), readily reproduces those for the piezoelectric and static bulk flexoelectric responses obtained in the finite-sample approach (equations (1), (19) , and (20)). Note that the first rhs term of (30) , corresponding to a wave of external strains, does not contribute to the polarization wave, again in agreement with the conclusion drawn from the above finite-sample treatment. This follows from the electroneutrality of the elementary unit cell, p Q p = 0. Equation (31) also contains an ω-dependent contribution. Since in the elastic wave ω 2 ∝ q 2 , this term will also contribute to the polarization proportionally to the strain gradient in the wave. This is the so-called dynamic flexoelectric response, which will be addressed separately in section 3.3.
3.2.3. Long-wavelength method: continuum-charge-density. The results on the electromechanical response presented in the previous subsection in the point-charge approximation can be generalized to the case of an arbitrary distribution of the bound charge in the crystal, using the approach developed in the seminal paper by Martin [47] . To do this, following Martin, we use instead of (26) a more general presentation for the variation of the microscopic charge density defined as
is the variation of charge density at point x per unit displacement of atom at R p,j ( N) holding all other atoms fixed and macroscopic electric field constant. In view of the translational invariance of the problem, the function f p,j ( x) is independent of the lattice vector N. The condition E = 0 corresponds to the definition (1)- (3) of the electromechanical response. In addition, this condition eliminates the long-range interactions so that f p,j ( x) is short range, i.e. the characteristic range of f p,j ( x) is much smaller than any wavelength. It was shown by Martin that the electromechanical response can be described in terms of multiple electric moments of the function f p,j ( x), which are well defined in view of short-range character of f p,j ( x). Specifically, using (32) instead of (26), equation (29) for the amplitude of the polarization wave can be generalized to the form [47] 
p,iklj + · · ·) (34) where the multiple moments of the function f p,j ( x) are defined as
and so on. Here M
p,ij is the effective charge tensor [81] for the pth atom in the unit cell. It is directly related to the transverse Born effective charge Q p , satisfying the charge neutrality condition
In the high-symmetry cases, one may have
It is instructive to compare (34) with the result of the point-charge approximation (29) . In this approximation
p,ij are zero. Thus, in view of relationship (39) , the result of the continuum-charge-density approach is consistent with that of the point-charge approximation. This also enables us to identify the M (1) -term in (34) as a ionic contribution to the static bulk flexoelectric effect. It is essential that, in view of (38) , this contribution is zero in the external strain approximation, where the amplitudesw p,j =Ũ j are the same for all the atoms of the unit cell.
In general, the higher moments of f p,j ( x) are not zero, contributing to (34), i.e. to the electromechanical response of the system. The fact that there is no sum rule like (38) for these moments enables us to identify a remarkable feature of the corresponding contribution: it exists even in the absence of internal strains. One can trace a parallel between the new contribution and the ionic one [6] : now redistributing the electronic density driven by external strains plays the role of internal strains. Hereafter, when discussing the polarization response which appears in the absence of internal strains, we will use the term 'electronic contribution'.
Expansion (34) was used by Martin [47] to analyze piezoelectricity: the q-linear terms of (34), with the atomic displacements coming from (30) , yield an equation for the piezoelectric response incorporating the effect of a higher moment of f p,j ( x):
where A sk p,j is introduced in (30) . Here, in addition to the ionic contribution, there appears an electronic one conditioned upon the quadruple moment, M (2) p,iks , of the function f p,j ( x). Using (40) one can derive a microscopic expression for the piezoelectric tensor, incorporating the new contribution. According to Martin [47] the ionic and electronic contributions to piezoelectricity can be comparable.
Martin's approach also provides a generalized description for the static bulk flexoelectric response. Using (30) for the atomic displacements, the q 4 -terms of (34) yield:
Here, the term dependent on M (1) controls the ionic contribution, which corresponds to (20) in the pointcharge approximation. The term dependent on the octuple moment M (3) controls an electronic contribution [46, 48] , i.e. according to the terminology that we have accepted, a contribution which is present in the absence of internal strains. The polarization response corresponding to the last rhs term of (41) is of a mixed nature. On one hand, we cannot classify it as ionic, since it is not controlled by the effective charge tensor. On the other hand, we cannot classify it as electronic, since it requires the appearance of internal strains. In contrast to the other contributions, it is explicitly symmetry sensitive-it is zero in materials where every atom is a center of inversion, since in such materials A sk p,j = 0 [80] .
Comparing (41) with the definition of the flexoelectric tensor (3) and taking into account the permutational symmetry of the relevant tensors, in view of the identity [23] 
, one finds the electronic contribution to the flexoelectric tensor in the form
Until recently, this contribution to the flexoelectric response had not been discussed in the literature. Its existence was pointed out by Resta [48] . His analytical treatment of the problem and that from a recent publication by Hong and Vanderbilt [46] are based on Martin's approach and are close to that presented above.
Resta's framework employs the response function of the local microscopic electric field to an atomic displacement, calculated at fixed macroscopic field, instead of the response function of microscopic charge density (32) . Since the field and the charge density are linked via the Poisson equation, Resta's framework is equivalent to that developed above [48] . Naturally, the final result of his calculation for a cubic mono-atomic crystal, µ el 11 = M
1,1111 /v, is consistent with (43) .
The analytical treatment by Hong and Vanderbilt [46] differs from the extended Martin's treatment given above by the definition of the response function of the local microscopic charge density to an atomic displacement. In contrast to Martin, these authors have defined this response function at a fixed electrical displacement D (not at macroscopic electric field E):
The analytical results by Hong and Vanderbilt can be presented in a form analogous to (43)
where the octuple moments, M
p,jkil , of the charge density variation are calculated using f
However, µ eld iljk does not directly give the electronic contribution to the flexoelectric tensor µ el iljk . In general, the relationship between these tensors should depend on the shape of the sample used in the calculations and on the electronic contribution to the dielectric permittivity ε el il . Such a relationship can be obtained from the flexoelectric equation of state for the electronic contribution to the polarization
where ε 0 is the dielectric constant of vacuum. For a simple open-circuit parallel-plate capacitor geometry where E = − P/ε 0 , using (47) one finds
Concerning the calculation of the flexoelectric response involving f (D) p,j ( x) one should mention that Martin's arguments ensuring that the moments of the function f p,j ( x) are well defined are no longer applicable. Thus, the existence of well defined moments M (n,D) p,jkil is not self-evident. Hong and Vanderbilt [46] applied their approach to calculations of the component µ eld 11 for a number of insulating crystals. We will address the results of these calculations in section 6.3.2.
While discussing the electronic contribution one should comment on its magnitude. Based on order-of-magnitude estimates one can expect, in analogy with Martin's conclusion concerning piezoelectricity, that, in 'normal' dielectrics, the electronic and ionic contributions are comparable. However, in materials with high dielectric constants (high-K materials), such as ferroelectrics, the situation is different. In such materials, the anomalously strong polarization response results from an anomalous sensitivity of some components of internal strains, specifically of those related to the ferroelectric soft mode. In terms of our treatments, this translates into anomalously high values of some components of B skl p,j [21] . At the same time, the electronic contribution is not expected to be sensitive to the ferroelectric softness of the lattice. Thus, in high-K materials, which are of primary interest for applications, the flexoelectric response is expected to be dominated by the ionic contribution.
To summarize this subsection, we can state that the treatment of the polarization response to a strain gradient in terms of Martin's charge-density-response approach enables the identification of a contribution complementary to that associated purely with internal strains (ionic contribution). The additional (electronic) contribution is associated with the direct response of the electron density to the elastic deformation. This result is analogous to Martin's development for the piezoelectric response. Here, it is worth mentioning that the multiple expansion (with up to the octuple moments involved) can also be used for the description of the ionic contribution 4 .
Dynamic flexoelectric effect
Now we will discuss the so-called dynamic flexoelectric effect. While the static bulk flexoelectric effect can be viewed 4 One can treat the displacements of all ions of the unit cell but one as conditioned upon the displacements of the latter. This way the charge response function to the displacement of this ion (like (32)) can be introduced. The further consideration is identical to equations (34)- (41), formally treating the displacements of the rest of the ions as the driving force for the variation of the charge density of the crystal.
as an analogue of the piezoelectric effect, the phenomenon treated below has no analogue in piezoelectricity. As was mentioned in section 3.2.2, the polarization wave following an elastic wave in solids (31) contains a contribution which is explicitly dependent on the wave frequency ω, being proportional to ω 2 . Since in an acoustic wave ω 2 ∝ q 2 (q is the wavevector of the wave), the amplitude of this contribution is proportional to the strain gradient amplitude in the wave, thus providing an additional contribution to the flexoelectric response. This contribution is called the dynamic flexoelectric effect. In the time domain, it corresponds to the polarization response to accelerated motion of the medium. In the point-charge approximation, using equation (31), the relationship describing this response is:
One of the first discussions of the flexoelectric response by Harris [16] actually dealt with the dynamic flexoelectric effect. Microscopic and phenomenological theories of this effect were offered by Tagantsev [24] .
On the microscopic side, the tensor G j p,i can be calculated in terms of the lattice dynamic theory. It has been shown that the effect is controlled by the mass difference of the ions making up the crystal, so that in a hypothetical case where the masses of all the ions are the same then ij vanishes. For the case of a crystal with two ions per unit cell, ij can be cast in the form [24] 
where m 1 , m 2 are the masses of ions having charges Q and −Q, respectively; χ ij is the ionic contribution to the dielectric susceptibility of the crystal. On the phenomenological side, the dynamic flexoelectric effect can be taken into account by adding a mixed term to the density of kinetic energy [6] 
where is the density and γ ij is a phenomenological tensor controlling the dynamics of polarization. The dynamic constitutive equations fully incorporating the bulk flexoelectric response can be described by minimizing the action (T − + u i σ i )dVdt (the integral being taken over the volume of the sample and time) with respect to P and U. With coming from equation (9) and T k from (52), such a minimization yields:
The last two rhs terms of equation (53) control the spatial and frequency dispersion of the polarization response.
However, when we consider macroscopic manifestations of the flexoelectric response (e.g. in a dynamically bent sample or in ultrasonic acoustic wave), where 1/q is much larger than the typical microscopic scales and ω is much smaller than the typical optical phonon frequencies, these terms can be neglected. Thus, setting E = 0 in (53) we see that the M ijÜj term indeed provides a contribution to polarization corresponding to the dynamic flexoelectric effect given by equation (49) with
It is instructive to eliminateÜ i between equations (53) and (54) to find a relationship controlling the total flexoelectric response in the dynamic case
From this equation we can see that in view of the dynamic flexoelectric effect, the role of the flexocoupling tensor f klij is now played by the total flexocoupling tensor
Thus, in the dynamic case, the flexoelectric response is controlled by the 'total' flexoelectric tensor µ tot klis = µ klis + µ d klis , where the dynamic contribution is defined as
Both the phenomenological and microscopic relationships, (58) and (51), suggest that, like the static contribution, the dynamic contribution should be enhanced in high-K materials. Order-of-magnitude estimates show (see section 6.1.1) that the components of tensors µ d klij and µ klij are expected to be comparable.
A remarkable feature of the bulk flexoelectric effect is that, in an acoustic wave, the relation between the static and dynamic contributions is frequency independent. The dynamic contribution to the flexoelectric effect makes it qualitatively different from the piezoelectric effect. For the latter, the polarization and strain in a moving medium are linked by the same relations as in the static case, i.e. P i = χ ij E j + e ijk u jk .
One should mention that, despite the fact that the components of the tensors µ d klij and µ klij are expected to be comparable, the dynamic flexoelectric effect does not always provide a contribution comparable to that of the static effect. In an acoustic wave, the dynamic effect works at full strength, however, in quasi-static experiments, i.e. where the smallest dimension of the sample is less than the acoustic wavelength corresponding to the frequency of the external perturbation, the dynamic effect is negligible. This feature of dynamic flexoelectricity can be readily shown with a treatment similar to that of the piezoelectric resonance in a finite sample. We do not present such a treatment here, but we elucidate the origin of this phenomenon. First, note that relationship (56) is negligible. In an acoustic wave, the system is far from the static mechanical equilibrium and the dynamic effect works at full strength.
Manifestations of bulk flexoelectric effect in crystal

Phonon dispersion
One of the direct manifestations of flexoelectric coupling is related to phonon spectra in solids. In terms of phonons, the flexoelectric interaction can be interpreted as a repulsion between transverse acoustic (TA) and soft-mode transverse optic (TO) branches. This effect was documented in perovskite ferroelectrics by Axe et al, who studied the dispersion of the phonons in KTaO 3 [22] and PbTiO 3 [82] by means of neutron scattering. The temperature dependence of the dispersion curves obtained for KTaO 3 is shown in figure 3 . As is seen from the figure, with decreasing temperature the soft optical branch moves downward closer to the acoustic one and causes a bending of the latter. The temperature-driven acoustic phonon branch bending has also been observed in SrTiO 3 by Hehlen et al [38] by means of Brillouin scattering (which allows one to trace acoustic branches in the vicinity of the -point). Axe and coworkers have discussed the branch bending effect in terms of lattice mechanics analysis [22] . In this subsection we rewrite such an analysis in terms of the continuum Landau theory, this way linking this effect with the flexoelectric coupling in the material.
Within the validity of the continuum model we consider the long-wavelength part of the spectrum. We start from equations (53) and (54), where we rewrite the strain in terms of acoustic displacement, u kl = 1 2
To describe the phonons, we search for solutions for polarization and displacement in the form P =Pe iωt−i q x , U =Ũe iωt−i q x . Since we are interested in the transverse modes, in which electric field does not arise, we omit the term related to electric field and obtain the following set of linear homogeneous equations:
(60) Eigenfrequencies of the system (corresponding to acoustic and optic branches) may be found from the condition of zero determinant of this set of equations. Let us illustrate the acoustic branch bending for the case of the cubic crystalline lattice symmetry and the q-vector directed along a four-fold axis, which corresponds to the conditions of the experiment by Axe et al ( figure 3 ). In this case, the transverse modes are two-fold degenerate and not coupled with the longitudinal mode. The dispersion of the transverse modes may be readily derived from equations (59) and (60) by applying the zero determinant condition to get:
where ω A and ω O are the TA and TO phonon frequencies in the absence of flexoelectric coupling. In view of the cubic symmetry of the tensors under consideration we used the expressions M ij = Mδ ij , γ ij = γ δ ij and χ −1 ij = αδ ij for their components.
The trend of the phonon branch repulsion can be identified by treating the case of weak interaction between the branches. In this case the relative shift of the acoustic branch may be calculated from equation (61) by setting ω = ω A everywhere except for the first parenthesis in the lhs to get:
The repulsive character of the interaction between the branches is seen from the sign in expression (64) . As for its magnitude, it is controlled by the total flexoelectric coupling coefficient, (65) , which has both dynamic and static contributions. This fact must be taken into account when extracting information about the flexocoupling tensor from scattering experiments. Formulas (64) and (65) work best in the vicinity of the -point, where the mode coupling, being conditioned by high powers of the wavevector, is weak. Thus these formulas may be directly applied to evaluate the shift of the acoustic branch in Brillouin scattering experiments (e.g. those by Hehlen et al [38] ). The difference of frequency squares in the denominator in the rhs of equation (64) indicates the amplification of the effect when the optical branch approaches the acoustic one (e.g. with decreasing temperature). The trend of the branch repulsion described above holds when interaction between them is strong. In the case of strong coupling, the contributions of static and dynamic flexoelectric effects to the acoustic branch bending become frequency-weighted, as controlled by expression (61) . As noticed by Axe et al [22] , if the strength of flexoelectric effect exceeds some threshold (once the acoustic branch touches the x-axis in figure 3 ), there will be a phase transition into an incommensurate phase; we discuss this situation in section 6.2.
Manifestations of flexoelectricity in domain walls
The flexoelectric effect plays an important role in ferroelectric domain walls (DWs), where large strain gradients arise because of a sharp change of the order parameter in the direction normal to the wall. To correctly describe the polarization and strain distributions in a domain wall, one has to take the flexoelectric coupling into account. In this section we consider such a description of the DW internal structure in the framework of Landau theory.
Polarization profile in domain walls.
The problem of polarization and strain profiles in the DWs requires appending the thermodynamic potential , coming from (9), with nonlinear contributions related to the fourth-order dielectric stiffness β ijkl and electrostriction tensor q ijkl .
The polarization and strain profiles in a DW may be found through minimization of the thermodynamic potential of the sample as a whole, w dV (integrating over the volume of the sample) with boundary conditions corresponding to the two domain states, separated by the DW under consideration.
We illustrate the manifestation of the flexoelectric effect in ferroelectric domain walls for the case of a planar 180 • DW in a perovskite crystal in the tetragonal phase. Following Yudin et al [63] , consider an electrically neutral DW (parallel to the vector of spontaneous polarization in the domains), tilted at an angle ϕ with respect to the crystallographic axes figure 4. In the reference frame related to the domain wall, the problem can be treated as one-dimensional with polarization and strain depending only on the coordinate x 3 normal to the wall, and the boundary conditions:
where P s and u s ij are the spontaneous polarization and strain in the bulk. In such a treatment, the elastic variables may be eliminated using the conditions of mechanical compatibility and mechanical equilibrium [63, 70] , which leads to equations controlling the polarization profile in the form [63] :
Here all the terms conditioned by the flexoelectric coupling are in the rhs of equations (68) and (69); f a is the anisotropic part of the flexocoupling tensor defined as
The coefficients α , β 1 , α , β 1 , β 2 as well as A 1 , A 2 , A 3 may be represented in terms of β ijkl , q ijkl and c ijkl tensor components and the wall tilt angle ϕ.
In the absence of the flexoelectric coupling (with f a set to zero) equations (68) and (69) allow a solution with only one non-zero polarization component P 1 . Such a solution is referred to as the Ising wall, its profile is shown in figure 5(a) . When taken into account, the flexoelectric effect provokes the appearance of the additional polarization component P 2 in the wall. This is conditioned by the coupling term f a sin(4ϕ)A 3 P 1
in equation (69), which does not vanish when P 2 → 0, making the Ising solution impossible. This coupling leads to a structure of the domain wall with a polarization vector rotating in the opposite directions on the two sides of the wall, the so-call bichiral structure of the wall ( figure 5(b) ) [63] . Thus taking into account the flexoelectric coupling is of qualitative importance for the description of the internal structure of ferroelectric domain walls.
The mechanism by which the flexoelectric coupling leads to the appearance of the second polarization component may be elucidated as follows. The change of the 'main' P 1 -component in the DW region creates a deformation gradient du dx 3 ∝
via the electrostriction coupling. In turn, the deformation gradient creates the other polarization component P 2 ∝ du dx 3 via the flexoelectric effect. In equation (69), this Figure 5 . Schematic of the structures of the neutral 180
• domain walls addressed. (a) The Ising-type structure occurring when the wall is normal to the cubic crystallographic directions or/and when the flexoelectric coupling is isotropic or neglected; (b) the bichiral structure occurring for the oblique orientation of the wall provided that the flexoelectric coupling is anisotropic. Reprinted with permission from [63] . Copyright 2012 by the American Physical Society. two-step interaction appears as a direct coupling between the polarization components, because the mechanical variables are eliminated. The magnitude of the P 2 component driven by the flexoelectric effect can be roughly estimated as [63] :
Its value is expected to be comparable to the spontaneous polarization P s . However, for typical perovskites the factor A 3 is small, which is linked with the smallness of q 12 component of the electrostriction tensor, and as a result P 2 is one to two orders of magnitude smaller than P s . Another important aspect is the influence of the flexoelectric coupling on the intrinsic energy of ferroelectric domain walls. DW energy is defined as the energy excess of the state with the wall over the single domain state:
Of interest is the angular dependence of the DW energy, since its minima indicate preferable DW orientations. As known from the work by Dvorak et al [83] , the DW energy E (q) W in the absence of flexoelectric coupling (with f a set to zero) is a periodic function of ϕ with a period of π/2, reaching minima at ϕ = Taking into account the flexoelectric coupling leads to a qualitatively different DW energy angular dependence. The flexoelectric effect does not affect the energy of the DWs with highly symmetric orientations ϕ = πn 4 , n = 0, 1, 2, 3. For oblique wall orientations, the flexoelectric effect decreases the energy 6 . If the flexoelectric coupling is strong enough this flexoelectricity-related DW energy decrease will result in splitting of the energy minima, as shown in figure 6(b) . The critical f a -value needed for such splitting to occur is of the same order as existing estimates for the flexocoupling coefficient [15, 84] . Thus the flexoelectric coupling may control the orientation of energetically preferable domain boundaries in ferroelectrics.
Above we have discussed the appearance of the polarization component in-plane of the wall. In a similar way, as was first noticed by Eliseev et al [85] , the flexoelectric interaction may lead to the appearance of a polarization component normal to the wall. Let us treat this effect, following Eliseev et al [85] , for the case of the (100) wall orientation (ϕ = 0 in figure 4 ). The equations for the polarization component normal to the wall P 3 may be written in the form:α
where φ is electrostatic potential, ε b is the background dielectric permittivity 7 ; the coefficientsα,β 1 ,β 2 and A n may be represented in terms of β ijkl , q ijkl and c ijkl tensors [85] . In contrast to the in-plane polarization, which was shown to be controlled by the anisotropic part of the flexocoupling tensor, the normal polarization component is controlled by the factor F 12 ≡ . Because the P 3 component is x 3 -dependent, charged layers arise in the wall with the bound charge density ρ b = −divP. Screening of these bound charges by free carriers may lead to an enhancement/decrease of the conductivity in the DW region; we will address this issue in the next subsection. When the screening is weak, an approximate relation for the electrostatic potential (75) may be used. In this case the magnitude of the P 3 -component induced by the flexoelectric effect may be estimated as follows. From equation (68) with ϕ = 0, P 2 = 0 one finds
), where t h = − 2g 1 α is the domain wall thickness. Then from equation (74), keeping only the fourth term in the lhs (in view of smallness of the background permittivity) and using relationship (75), one obtains:
The magnitudes of the in-plane and out-of-plane terms, equations (76) and (72), can be compared by taking into account approximate relations: F 12 A n ≈ f a A 3 , t h ≈ −2g 2 /α and ε f ≈ −2α −1 , where ε f is the ferroelectric part of the dielectric permittivity. From such a comparison one can see that P 3 -component is smaller by a factor ε f /ε b 1 than the P 2 -component. This smallness is the consequence of the suppression of the normal polarization component by the depolarizing field, described, for example, in [70] .
Above we have discussed the combined effect of electrostriction and flexoelectricity leading to the coupling between two different polarization components. In the case where the polarization is not the order parameter, coupling of the same type is possible between the polarization and other order parameters. For example, in SrTiO 3 , the order parameter is related to rotations of the oxygen octahedra. It is involved in the so-called rotostriction coupling, corresponding to the 2 u term in the thermodynamic potential. In view of this coupling, the order parameter gradient in the wall implies a strain gradient (
The deformation gradient, in turn, creates the electric polarization (P ∝ du dx 3 ) via the flexoelectric effect. The appearance of electrical polarization in domain walls related to rotations of the oxygen octahedra outlined above has been recently theoretically addressed by Morozovska et al [61] . It was shown that, in SrTiO 3 below the antiferrodistortive phase transition, the electric polarization normal to the plane of the wall can attain a value of 0.1 µC cm −2 .
Conduction of domain walls.
The question of conductivity of ferroelectric domain walls is customarily discussed in the context of the domain walls with a jump of the normal polarization component, the so-called charged DWs [86] [87] [88] . In contrast to neutral 180 • DWs, charged 180 • DWs are inclined with respect to the spontaneous polarization vector in the domains ( figure 7(a) ). The bound charge in the wall increases with increasing θ from 0 to π/2. The screening of the bound charge by free carriers makes conductivity in the wall region different from that in the bulk, and this effect may be appreciable. However, there exists an alternative mechanism leading to variation of the free charge density (conductivity) in domain walls, which is related to the flexoelectric coupling. This mechanism is conditioned by the flexoelectricity-induced, normal to the wall, component of the polarization discussed in the previous subsection. Below we address this mechanism, following Eliseev et al [85] .
In general, to find the distribution of free and bound charges ρ f and ρ b in the DW region, equation (74) [85] , and an approximate expression for the electrostatic potential may be derived from (75) and (76) to get:
Expression (77) represents a potential well or hump, depending on the DW orientation (head-to-head or tail-to-tail) and the sign of the flexoelectric coefficient F 12 . This potential well/hump causes local band bending and leads to a redistribution of free carriers. In the case of an n-type non-degenerate semiconductor, a simple expression may be obtained for the spatial distribution of the free charge density ρ f (x 3 ) in the DW region [89] :
where k B = 1.3807 × 10 −23 J K −1 , T is the absolute temperature, e = 1.6 × 10 −19 C is the electron charge, and ρ ∞ is the free charge concentration in the bulk. From (77) and (78) one obtains the following expression for the normalized variation of the free-carrier concentration in the DW:
where ρ 0 = ρ f (0) is the free charge density in the center of the DW. Numerical calculations based on equations (68), (74), (75) and (78) for the parameters of PbZr 0.2 Ti 0.8 O 3 with F 12 = −10 −10 m 3 C −1 [85] yield the maximal value of P 3 about 0.02 C m −2 ; the depth of the potential well is about 0.3 eV, giving one-order-of-magnitude variation of the free-carrier density in the wall. This implies that the flexoelectric coupling may lead to one-order-of-magnitude contrast of the conductivity in the wall. The variation of conductivity related to flexoelectricity can also manifest itself in a charged domain wall, competing with the effect associated with the violation of its electroneutrality. This is illustrated in figure 7(b) , where the normalized variation of the free-carrier concentration is plotted as a function of the tilt angle θ (after [85] , for the material parameters of PbZr 0.2 Ti 0.8 O 3 ). Eliseev et al [90] have shown that the internal structure of ferroelectric DWs may be strongly correlated with current atomic force microscope (AFM) contrast, suggesting the use of current AFM for detecting phase transitions in DW structure.
Other manifestations.
In this subsection we will discuss two more effects the flexoelectric coupling may induce in a domain wall. The first effect consists of the shear strain driven by the change of polarization; the second one consists of the narrowing of the domain wall. To illustrate these effects we use the example of a (001) 180 • domain wall in the tetragonal phase of a perovskite ferroelectric (see figure 4 with ϕ = 0).
The first effect is a manifestation of the converse flexoelectric effect. For the geometry of the problem, the equation for the converse effect (11) may be written in the form:
For a mechanically free wall (σ 5 = 0), equation (80) implies a linear strain response to the polarization gradient:
where U 1 is the shear-induced mechanical displacement. The integration of equation (81) over x 3 leads to an offset of mechanical displacement U 1 between the two domains:
In other words, due to the flexoelectric effect one should expect a step on the surface of a crystal at the location of the domain wall, as schematically shown in figure 8 . It is instructive to evaluate the magnitude of this effect. We will do this for a material with a high P s . We take P s ∼ = 0.9 C m −2 Figure 8 . Deformation of the ferroelectric sample in the region of a 180
• domain wall, driven by the converse flexoelectric effect. Spontaneous polarization in the two domains shown with arrows.
for PbTiO 3 at low temperatures and c 44 = 1.1 × 10 11 J m −3 . Following atomic estimates, the f -coefficients should be of the order of a few volts (see section 6.1). This leads us to an appreciable value of a few tenths of anångström for the expected shift of the lattices between the two domains. This effect has been predicted by Meyer and Vanderbilt [91] using ab initio calculations, its value being in agreement with the above estimate.
The second effect, related to the domain wall thickness, is essentially a feedback, via the direct flexoelectric effect, from the inhomogeneous strain (81) to the polarization profile. To elucidate this effect we consider equation (10) at E = 0 appended with the fourth-order dielectric stiffness. To simplify the treatments we keep in this equation only the two relevant components of the polarization and strain (P 1 and u 5 ) to obtain:
Here α = (T − T 0 )/(Cε 0 ), where T is temperature, ε 0 is the dielectric permittivity of vacuum, and T 0 and C are Curie-Weiss temperature and constant respectively. Eliminating u 5 between (81) and (83) we arrive at the equation of state for the polarization P 1 in the domain wall:
with a renormalized gradient term:
Equation (84) describes a domain wall with thickness t h = −2g eff 44 /α. Thus, by renormalizing the gradient term, the flexoelectric coupling changes the thickness of the domain wall. From expression (85) one can see that the flexoelectric effect always leads to narrowing of the domain wall. The renormalized thickness of the DW as a function of the flexoelectric coupling reads:
where t 0 h is the DW thickness with the flexoelectric effect neglected. According to the atomic estimates, the domain wall narrowing, given by expression (86), may be appreciable.
Internal bias and poling effect
An important feature of flexoelectricity is that it provides, in principle, a possibility of a mechanical-stimulus-driven reorientation of the spontaneous polarization between all allowed directions. In principle, the piezoelectric effect can also do this job, but only in a very limited class of ferroelectrics, exhibiting piezoelectricity in the paraelectric phase (such as Rochelle salt or KH 2 PO 4 ). In such materials, the strain via the piezoelectric coupling makes the material polar already in the paraelectric phase. Due to this straininduced polarity, different orientations of the spontaneous polarization in the ferroelectric phase become non-equivalent. This ensures a strain control of the spontaneous polarization in ferroelectrics with piezoelectricity in the paraelectric phase. However, most of ferroelectrics are not piezoelectric in the paraelectric phase. In this case, the electromechanics of the ferroelectric was traditionally considered to be solely governed by the electrostrictive coupling (the uP 2 term that can be taken into account in the Landau expansion (9)). This coupling, though leading to the spontaneous-polarizationinduced piezoelectricity in the ferroelectric phase, cannot provide control on the sign of the spontaneous polarization. The electrostriction, in contrast to the piezoelectricity in the paraelectric phase, does not bring about a strain-induced polarity in the paraelectric phase, needed for the control of the sign of the spontaneous polarization. In such a situation, the role of the flexoelectricity becomes exclusive: it translates a mechanical stimulus (strain gradient) into the induced polarity of the paraelectric phase. As is clear from the constitutive equation (10) , the strain gradient (due to the flexoelectricity) works as an electric field
Here one can speak about flexoelectric field E flex i . We should stress that E flex i has nothing in common with the macroscopic electric field, since the flexoelectric effect is defined as a polarization response in the absence of an electric field. It is also worth mentioning that, in contrast to the real electric field, the introduction of a potential corresponding to the flexoelectric field cannot be consistently done since, in general, curl E flex = 0. Specifically, if one attempts to introduce such a potential by the integral relationship ϕ( x) = − x 0 E flex i dy i (as in [78] ) the result will be dependent on the integration path.
In ferroelectrics, one can distinguish several situations where the flexoelectric field affects the properties of the material. First of all, if there exists a permanent average (built-in) strain gradient in the sample, the flexoelectric field leads to the internal field (internal bias) effect. The ferroelectric behaves as being placed in an additional dc electric field, exhibiting, for example, a switching asymmetry or a smearing of the dielectric anomaly at the ferroelectric phase transition. If the built-in flexoelectric field exceeds the coercive field of the ferroelectric, the latter can lose its bistability in the absence of an external electric field.
A specially important case of the internal field effect is the so-called imprint effect. In this case, the internal field appears as a result of keeping the ferroelectric for some time in a certain polarization state, while the direction of the appeared built-in field is parallel to that of the spontaneous polarization in this state. The flexoelectric field in combination with free-carrier transport can contribute to imprint.
Finally, an external strain gradient can be applied to the sample. Then, controlling the strain gradient one can, in principle, switch the polarization of the ferroelectric with a purely mechanical stimulus. Here, one can speak about flexoelectric switching.
The aforementioned manifestations of the flexoelectric field in ferroelectrics are addressed in sections 4.3.1-4.3.3.
The flexoelectric field may play a certain role not only in ferroelectrics. An amorphous system containing reorientable polar units can also 'feel' the flexoelectric field. This situation is addressed in section 4.3.4.
Internal field.
The correlation between the existence of average strain gradients in ferroelectric thin films and their polarization response to an electric field was experimentally addressed by Catalan et al [67] and Lee et al [76] . The results of these experiments were interpreted in terms of an internal field effect associated with flexoelectricity.
Assuming an exponential strain decay (as a function of the distance from the substrate) in the investigated (Ba, Sr)TiO 3 thin films on a SrRuO 3 substrate, Catalan et al evaluated, based on their x-ray data, the dependence of average strain gradients in the films on the film thickness. The misfit strain between the film and the substrate was considered as the origin of the strain gradient. Using the strain gradient data obtained this way, the thickness dependence of the average flexoelectric field in the films was evaluated and the impact of this field on the dielectric anomaly at the transition was simulated. The results of the simulations were found in good qualitative agreement with the dielectric data obtained from the films.
Lee et al [76] investigated the strain state and ferroelectric properties of thin films of HoMnO 3 improper ferroelectric as conditioned by the processing conditions. The strain gradients in the films evaluated from the x-ray data were found to be in correlation with the oxygen partial pressure during the film deposition. It was suggested that the oxygen partial pressure controls the misfit strain between the films and the Al 2 O 3 substrate, which in turn translates into the strain gradient in the films. Characterizing ferroelectric properties of the system, the field offset of the PE loops was monitored. A pronounced correlation between the field offset of the loops and the strain gradient in the film was reported. The effect was attributed to the action of the flexoelectric field caused by the strain gradient. Figure 9 . The model devised by Abe and coworkers [68, 69] for the voltage offset of ferroelectric loops caused by the poling effect of the strain gradient at the ferroelectric/electrode interface. In this model, the non-switchable layer cannot be switched at any applied field.
Imprint.
The scenarios of the flexoelectricity-assisted internal field effect discussed in the previous subsection deal with a strain gradient which is basically distributed throughout the whole thickness of the film. Though one may conceive of such a situation, the simplest scenario for a dislocation-assisted stress release implies the formation of a narrow substrate-adjacent layer, where the strain gradient is mainly localized [92] . As was suggested by Abe et al [68, 69] , such layers in ferroelectric thin films may serve as the origin of the imprint effect. A simple theory to this effect was offered by Tagantsev et al [70] . Let us discuss the main features of Abe's imprint model following [68, 70] .
Consider a film with an in-plane bulk lattice constant a epitaxially deposited onto a substrate with an in-plane lattice constant a s . We characterize the system with a misfit strain u m :
If the epitaxy is dislocation free, the film will acquire the in-plane lattice constant a s . In this case, the film is stressed while no strain gradient occurs. The appearance of misfit dislocations relaxes the stress so that the film is less stressed; however, its main part is stressed virtually homogeneously [92] . The appearance of misfit dislocations also implies a strain gradient which is localized at the film/substrate interface. The value of strain gradient depends on the amount of the stress relaxation in the film. The largest strain gradient corresponds to full stress relaxation. Let us evaluate its value for the simplest situation where stress release is driven by edge dislocations which are formed in the ferroelectric at the film/substrate interface, having the in-plane Burgers vector equal a. To absorb the misfit strain, the distance between the dislocations laying at the interface should evidently be about
The relaxation of the in-plane lattice constant of the film from a s (at the substrate) to the bulk value a will take place on a distance of about d d . Thus, the strain gradient will be mainly localized in the interface-adjacent layer of thickness d d . The value of such a gradient can readily be evaluated as
Here the OX 3 axis is set normal to the plane of the film.
Relationships (89) and (90) enable us to estimate possible values of the strain gradient in the substrate-adjacent layer and the thickness of this layer. Taking as typical values u m = 0.03 and a = 0.4 nm, we find 10 nm for the thickness of this layer and 2 × 10 6 m −1 for the strain gradient in it. Such a value exceeds by many orders of magnitude typical exogenous strain gradients. If we use the classical order-of-magnitude estimate, ∼10 V, for the components of the flexocoupling tensor f klij (see section 6.1.1) we find an appreciable flexoelectric field ∼200 kV cm −1 . We should recall that this is an estimate for the flexoelectric field, corresponding to full stress relaxation in the body of the film. Often the stress relaxation, which is controlled by the film thickness [93] and kinetics of the dislocation formation, is not full. Then both the strain gradient and the flexoelectric field in the surface layer become smaller.
Thus, we see that, according to the simplest scenario of dislocation-assisted stress release, a thin substrate-adjacent layer with an appreciable flexoelectric field may form in the ferroelectric films. According to Abe et al [68, 69] , the flexoelectric field can make this layer non-switchable. A schematic of a ferroelectric capacitor containing a ferroelectric film where such a non-switchable layer is formed is shown in figure 9 . It is clear from this figure that the bound charge (ρ b = −div P) at the border between the non-switchable layer and the bulk of the film depends on the direction of the ferroelectric polarization in the film. For example, in the 'down' case, the bound charge is positive and larger than in the 'up' case (figure 9). The depolarizing field induced by this free charge can be appreciable. The imprint effect occurs due to the redistribution of free carriers while screening this field. When the capacitor is in a poled state for a time sufficient for an essential redistribution of the free carriers, the bound charge will be to a certain degree screened by the latter. The screening free charge is expected to be immobile during the switching characterization of the capacitor (e.g. during taking a P − E hysteresis loop). Then, the electric field of this immobile charge will make more energetically favorable the state of polarization in which the free charge redistribution took place, i.e. the imprint effect occurs. Experimentally, this effect can be seen as a field offset of the P−E hysteresis loop, which is sensitive to the prehistory of the capacitor 8 .
Flexoelectric switching and poling.
The flexoelectric field makes the energies of polarization states of a ferroelectric non-equal and, thus, it can be used as a tool for the ferroelectric switching monitored by an elastic stimulus. Already in 1969, Bursian and coworkers [20] demonstrated the possibility of such switching in few-micron-thick plates of BaTiO 3 . Specifically, it was shown that the bending of such a plate can result in the reversal of the sign of its pyroelectric coefficient. In 2003, Gruverman et al [77] demonstrated that the polarization state of a thin-film ferroelectric Pb(Zr, Ti)O 3 (PZT) capacitor on a Si substrate can be reversed by bending the structure. These authors reported a change of the sign of the piezoelectric force microscope (PFM) signal correlated with sign of the substrate curvature ( figure 10) . Thus, the polarization state of the films was found to correlate with the sign of both the strain and the strain gradient in the films. Because, in PZT, as a ferroelectric with a centrosymmetric paraelectric phase, the stress itself is not expected to cause any polarization reversal, the effect was attributed to a manifestation of flexoelectricity. A puzzling feature of this scenario is that the flexoelectric field evaluated by the authors based on the order-of-magnitude estimates for components of the bulk flexocoupling tensor, ∼10 V, (see section 6.1.1) is many orders of magnitude smaller than typical values of the coercive fields in the material. Remarkably, the same relation between the expected values of the induced flexoelectric field and the coercive field of the material holds for the experiments by Bursian and coworkers [20] . All these findings attest to a quite limited understanding of the mechanisms of flexoelectric switching.
Recently, flexoelectric switching on the nanoscale was experimentally addressed by Lu et al [78] . These authors used the inhomogeneous deformation caused by pushing with the tip of an atomic force microscope in order to switch the polarization of an ultrathin BaTiO 3 film. According to the author's estimates the flexoelectric field generated in this experiment is comparable to the coercive field of BaTiO 3 .
Plastic flexoelectricity.
In this subsection we address a kind of a strain-gradient-driven poling effect which is very different from those discussed above. Recently, Lubomirsky and coworkers [75, [94] [95] [96] presented experimental data on perovskite thin films, which strongly suggest that a strain gradient can pole an amorphous material when it is thermally treated in a special way. It was shown that during such treatment the material is passing between two different amorphous states. The initial state is centrosymmetric while the final state, which was called quasi-amorphous, is polar. Numerous examples of such a phenomenon were documented. It was shown that sputtered thin films of a number of perovskites (BaTiO 3 , SrTiO 3 , and BaZrO 3 ) can be prepared in the polar quasi-amorphous state, in which they exhibit appreciable pyro-and piezoelectric effects while revealing no traces of crystallinity. The originally deposited amorphous films can be turned either into the crystalline or quasi-amorphous polar states depending on the method of thermal treatment. Standard annealing leads to the crystalline material, while dragging the as-deposited film though a narrow furnace may yield the quasi-amorphous films. The authors ascribe the formation of the polar material to the effect of the strain gradients associated with the narrow furnace; it was demonstrated that an alternative poling scenario related to the electrode-film work-function difference can be excluded [96] .
The following microscopic scenario for this effect was offered. It was suggested that, already in the amorphous state, perovskite films contain polar units corresponding to distorted oxygen octahedra with the B-cite atoms inside. When leaving the narrow furnace, due to a strain gradient these polar units are partially aligned, resulting in a poled quasi-amorphous state. An essential element of this scenario is the relation between the type of the thermal treatment and type of the final state (crystalline or quasi-amorphous) of the material. A discussion of this issue goes beyond the scope of this paper and we refer the reader to the original publication [75] .
The poling effect in question can be formally classified as flexoelectric. However, the mechanism offered by Lubomirsky and coworkers is qualitatively different from the microscopic mechanisms presented in section 3.2. These microscopic mechanisms deal with the displacements of bound charge on distances much smaller than the typical interatomic distances. In contrast, the mechanism of formation of the polar quasi-amorphous state, in general, is based on ionic displacements comparable with these distances [97] . Thus, one may trace an analogy between, on the one hand, elastic and plastic deformations of solids and, on the other hand, the bulk static flexoelectric effect in crystals and the poling effect in the amorphous materials in question. In each pair of the effects, one effect is associated with small atomic displacements, which are much smaller than the typical interatomic distances, whereas the other is associated with much larger displacements. In this context, we can term the poling effect in amorphous materials as plastic flexoelectricity. It is also clear that the estimates derived for the bulk static flexoelectric coefficient can by no means be applied to this effect. By analogy with the situation with elastic and plastic deformations, one may expect the plastic flexoelectricity to be much stronger than its 'regular' counterpart.
Electromechanics of moderate conductors.
One of the important manifestations of flexoelectricity is in the electromechanical response of moderate conductors (where the macroscopic electric field is not necessarily screened by free carriers), e.g. in materials such as those used in solid-state electrochemical devices, including batteries, fuel cells, and electroresistive and memristive electronics. This issue was recently addressed by Morozovska et al [74] . These authors showed that in non-piezoelectric materials of this kind, the flexoelectricity can be important in this context.
Let us illustrate, following [74] , this manifestation of flexoelectricity in the case of a thin-film parallel-plate leaky capacitor on a thick substrate containing a non-piezoelectric material. For simplicity, the material is considered to be elastically and dielectrically isotropic. In such a configuration, only one component of strain u 33 and of electric field E 3 are involved (the OX 3 axis is normal to the plane of the films). We are interested in the displacement of the top electrode caused by the charge transport (linear response). This phenomenon is controlled by a number of factors, such as the deformation potential [98, 99] , Vegard expansion [100] , and the converse flexoelectric effect. The contribution of the latter can be described using the constitutive equation for the converse flexoelectric effect, taken in the form (14): (91) and the Poisson equation
where ρ is the free charge density. In view of the 1D character of the problem all variables are treated as functions of only one coordinate x 3 . For a film which is out-of-plane mechanically free (σ 33 = 0), eliminating the field gradient between (91) and (92) yields a relationship between the strain and charge density:
This equation enables us to link the change of the thickness of the system, δh = h 0 u 33 dx 3 (h is its original thickness), with the charge δQ = h 0 ρ dx 3 entering per unit area of the system. Integrating (91) over the thickness h we find
This equation suggests that the electromechanical expansion (or contraction) of the system is controlled by the amount of free charge entering the system and the ratio of the flexocoupling coefficient to the elastic constant. In the considered geometry, the deformation potential [98, 99] 
Flexoelectric response in finite samples
In the previous sections we have discussed the bulk contribution to the flexoelectric response. It has been shown that the static bulk flexoelectric effect manifests itself identically in the cases of the total polarization response of a finite sample and locally in an acoustic wave. The situation is similar to the case of the piezoelectric response. At the same time, it has been demonstrated that the flexoelectric response in an acoustic wave is not fully described by the static bulk flexoelectric effect on the account of the dynamic flexoelectric effect (see section 3.3). This feature of flexoelectricity has no analogue in piezoelectricity. In this section we address in detail other features of this phenomenon that have no analogues in piezoelectricity. All these features manifest themselves once the polarization response of a finite sample as whole to a homogeneous strain gradient is considered. In the following subsections, we will be dealing with quite unusual effects. They are essentially conditioned by the surface of the sample, but nonetheless, their relative magnitudes are independent of the surface-to-volume ratio.
Flexoelectric bending
As was mentioned in section 3.1, the electromechanical constitutive equations describing the bulk flexoelectric effect 9 Figure 11 . A thin plate of material exposed to bending and the reference frame used in calculations. The upper and lower faces of the plate are electroded.
suggest a certain asymmetry between the direct and converse flexoelectric responses. Namely, in the absence of an electric field, a strain gradient induces a homogeneous polarization while a homogeneous polarization has no mechanical yield. A practical situation where such asymmetry might reveal itself is bending experiments with a thin electroded plate of a centrosymmetric material ( figure 11 ). For instance, a cylindrical bending of such a plate about the OX 2 axis will bring about non-zero strain gradients ∂u 11 /∂x 3 and ∂u 33 /∂x 3 .
The direct flexoelectric response to such bending can be detected by measuring the induced variation of the charge on the short-circuited electrodes. Such a response is described by equation (95), where E = 0 (in view of the short-circuit condition) while P 3 is directly linked with the charge. Meanwhile, one might conclude, based on equation (96), that the application of a voltage between the electrodes will not lead to any bending of the plate. Indeed, 'naturally' assuming that the voltage produces a homogeneous polarization, no mechanical yield is seen from equation (96) . Using similar reasoning, it was argued that a flexoelectric-based mechanical sensor, in contrast to piezoelectric-based devices, will not behave as an actuator [7, 56] . However, there are several reasons to question such a statement. First, this statement is in conflict with the results obtained by Bursian's group already in the 1960s. This group reported experimental data on electric-field-induced bending of plates of BaTiO 3 crystals [19] . Later, Bursian and coworkers provided a thermodynamic analysis [21] , supporting their experimental findings. Second, the existence of a linear sensor-not-actuator is in a conflict with the general principles of thermodynamics, for instance, based on which one could construct a perpetual motion device [101] .
Thus there appears to be a contradiction between the straightforward analysis of the constitutive equations and thermodynamics. Such an apparent contradiction was recently identified by Tagantsev and Yurkov [51] and a solution to it was outlined. The reason for this discrepancy is that the polarization-induced bending (flexoelectric bending) predicted by Bursian and Trunov [21] is a non-local effect that can only be obtained by considering the thermodynamics of a finite-size sample. Meanwhile, the application of the 'local' electromechanical equation (96) to the bulk of the sample does not capture this effect. The resolution of this discrepancy required a comprehensive treatment of the converse flexoelectric response of a finite sample. The full treatment of this problem is presently available only for the case of the so-called blocking boundary conditions for polarization [51] , while for the general case its solution is only outlined. These two cases are discussed in following subsections.
Blocking boundary conditions.
The application of an external voltage to an electroded plate (figure 11) does not necessarily lead to a homogeneous distribution of the polarization throughout it. A certain polarization inhomogeneity is expected in microscopically thin electrodeadjacent layers. In the simplest thermodynamic model [102] , such an inhomogeneity is controlled by the boundary condition P + A∂P/∂x 3 = 0 (A is the so-called extrapolation length) at the electrode-dielectric interface. The limiting cases for the polarization distribution are illustrated in figure 12 : (a) corresponds to A → 0 (the so-called blocking boundary condition) and (b) to A → ∞, (the so-called free boundary condition). Finite values of the parameter A provides a variety of polarization distributions.
In the present subsection we will address the electromechanical bending-mode performance of a thin plate for the case of the blocking boundary conditions, i.e. assuming that the polarization changes continuously from its bulk value to zero at the surface of the sample ( figure 12(a) ).
Consider a plate of a non-piezoelectric material placed in an electric field normal to it (figure 11) resulting in the polarization profile schematically shown in figure 12(a) . The plate is considered to be macroscopically thick, i.e. its thickness h is much larger than the spatial scale for the polarization variation at its surface. In the main part of the sample ∂P k ∂x l = 0, so that, as clear from (96), the flexoelectricity provides no mechanical input. Meanwhile, at the plate surfaces ∂P 3 ∂x 3 = 0, implying, via equation (96), a certain mechanical yield [51, 52] . Let us show that this yield is a plate bending, accounting only for the cylindrical bending about the OX 2 axis. A straightforward way to do this is to consider the equation of balance of the bending moment for the plate. Following the basics of the elasticity theory [103] , to derive such an equation, we multiply (96) by x 3 and integrate the result across an X 2 X 3 cross-section of the sample ( figure 11 ). Finally we get (for simplicity, the Poisson ratio is neglected and only one component of the strain, u 11 , and stress, σ 11 , are taken into account):
u 11 x 3 dx 3 (97) where b is the dimension of the sample in the OX 2 direction. At mechanical equilibrium, in any X 2 X 3 cross-section of the sample, the lhs term of (97) must be equal to the mechanical moment of the external forces applied to the sample. Without the first rhs term, this equation describes the bending of the sample caused by this moment. To identify the role of this term, we first evaluate it using integration by parts:
where P 3 is the averaged polarization induced by the electric field in the plate. Since the spatial scale of the polarization variation at the interface is much smaller than h, with a good accuracy P 3 ≈ P, where P is the polarization in the bulk. Thus, the equation for the moment balance can be rewritten as
where M is the bending moment per unit length (in the OX 2 direction) of the plate. It follows from equation (99) that the application of a homogeneous electric field to the plate is equivalent (via the induced polarization and the flexoelectric coupling) to the application of an external bending moment (here we can speak about flexoelectric bending moment). Thus, a finite mechanically free (M = 0) sample placed in a homogeneous electric field will bend. Note, that though the flexoelectric bending moment is conditioned by a surface effect, it is proportional to the bulk value of the polarization induced by the applied field. Thus, the above analysis does not support the judgment, stemming from the apparent asymmetry between equations (95) and (96) , that a sensor based on the flexoelectric effect will not behave as an actuator [7] . Let us show next that, moreover, a bending-mode flexoelectric sensor once working as an actuator will, in fact, be characterized by the same effective piezoelectric constant. Following [51] , we will show this to be the case of a thin circular plate bending in the symmetrical flexural mode. The plate is electroded and used as a sensor or an actuator. In the first case, a force F is normally applied to its center and the charge Q induced on the electrodes is collected; the response of the system is characterized by the factor d sen = Q/F. In the second case, a voltage V is applied between the electrodes and the displacement of the center of the plate L is measured; now, the response of the system is characterized by the factor d act = L/V. Virtually the same factors are customarily used for the characterization of a piezoelectric actuator/sensor 10 . For the piezoelectric device,
with d act being equal to the d 33 piezoelectric coefficient of the material. The goal of our treatment is to show that (100) holds 10 Here we mean a simple device based on the longitudinal piezoelectric effect, e.g. a parallel-plate capacitor homogeneously mechanically loaded. For such a device, the relationships d sen = Q/F and d act = L/V can be used with L standing for the voltage-induced variation of the thickness of the plate and F for the total force applied to it.
for the flexoelectric actuator/sensor in question. Following Tagantsev and Yurkov, a (001) plate of a cubic material with the polarization P normal to the plate and homogeneous in its bulk is treated. In the case of symmetric bending, the curvature of the plate in all cross-sections normal to it, G, is the same. The treatment is based on the free energy density defined as = + P i E i + u ij σ ij , with the
term neglected, where comes from (9) . One also uses a result of the theory of thin plates [104] for the components of the strain tensor expressed in terms of the curvature G:
(A Cartesian reference frame with the OX 3 axis normal to the plane of the plate is used.) Integrating˜ , with the strain coming from (101), over the plate thickness, one finds the free energy density per unit area of the plate, b , as a function of the polarization in the bulk of the plate, P, (see figure 12(a) ) and G:
where D s is a coefficient controlling the flexural rigidity of the plate for this kind of bending. A similar expression for the free energy of flexoelectric plate in the cylindrical bending mode was offered by Bursian and Trunov [21] , based on purely symmetry arguments. One should note that these authors claim that they are dealing with a free energy density homogeneous over the sample. In reality, their free energy density has the meaning of the total free energy of the sample divided by its volume, which actually incorporates the surface-related effects. For the short-circuit conditions, the minimization condition ∂ b ∂P = 0 leads to the equation for the direct flexoelectric effect for the plate in the symmetric flexural mode:
with
which plays a role of an effective flexoelectric coefficient of the plate. For the mechanically free plate, the minimization condition 
In obtaining this equation, it has been taken into account that, with a good accuracy in the plate, P = χ 33 E. The flexural response, given by equation (107), is compatible with the result obtained by Eliseev et al [52] for the case of the blocking boundary conditions, when calculating the bending of a ferroelectric plate caused by the electrode-adjacent gradient of the spontaneous polarization.
Equations (105) and (107) enable a description of the sensor and actuator modes of a device based on the plate. Using the relationship between the cross-section curvature, G, and the maximal deflection, ξ max , for symmetric bending of a circular plate:
where R is the radius of the plate and G is given by (107) , one readily finds that the both modes are controlled by the same effective piezoelectric coefficient
General case.
One can readily check that the derivation of the previous subsection is extremely sensitive to the behavior of the polarization in the microscopically thin electrode-adjacent layers. The effect is the most spectacular for the case of the free boundary conditions for polarization, corresponding to the polarization profile shown in figure 12(b) . The system evidently exhibits the direct flexoelectric response. Meanwhile, for such a polarization profile, the polarization gradient is zero throughout the sample, implying (via equation (97) ) no mechanical effect caused by the voltage applied to the system 11 . Thus, we arrive at a severe apparent contradiction between the conclusion just drawn above from local constitutive equations and the thermodynamics of the sample as a whole. Specifically, the former states that, for the case of the free boundary conditions, the global converse flexoelectric response of the sample vanishes while the direct response is expected. Meanwhile, the thermodynamics of the sample as a whole [21] says that such a situation is impossible.
Tagantsev and Yurkov [51] have suggested the following resolution to this contradiction. The point is that incorporating the flexoelectric coupling into the free energy density of a material leads to a modification of the boundary conditions for the bulk constitutive equations. Eliseev et al [52] have derived modified boundary conditions for the polarization, while postulating that the classical mechanical boundary conditions are not affected by such an incorporation. Meanwhile, generally, the mechanical boundary conditions should be modified as well [23, 53] . The modified mechanical boundary conditions were recently derived by Yurkov [53] 12 . It has been shown that such a modification is not needed for the case where the polarization vanishes at the surface. This justifies the above treatment done for this case based on the classical mechanical boundary conditions. For the general case, where the polarization at the surface is not necessarily zero, the problem of the flexoelectric bending should be revisited with the modified mechanical boundary conditions which contain the surface value of the polarization. It is expected that such a treatment will yield results consistent with the thermodynamics of a finite sample: the direct flexoelectric effect implies flexoelectric bending and the effective piezoelectric coefficients characterizing the performance of a flexoelectric elements in the sensor and actuator modes are equal. However, it seems that this treatment is a mathematically challenging task which is not currently accomplished.
Surface piezoelectricity
In a finite sample, there always exist surface conditioned contributions to any effect. The size of such contributions is typically small, being controlled by the surface/volume ratio. However, there may exist a situation where the surface contribution of a strong effect can compete with the bulk contribution of another, weaker effect. This situation takes place when one is interested in the flexoelectric response of a finite sample of a non-piezoelectric material. As was mentioned in section 3.2.1, the symmetry-breaking effect of the sample surface results in the formation of surface-adjacent layers which are effectively piezoelectric. It occurs that the surface piezoelectricity can contribute appreciably to the flexoelectric response of a finite sample. This contribution has three unexpected features: (i) it is independent of the surface/volume ratio, (ii) in high-K materials, it scales as the bulk dielectric constant, (iii) its size is expected to be at least comparable to that of the bulk flexoelectric effect. We will illustrate these features in terms of a very simple model for the bending flexoelectricity in a finite sample, basically following Tagantsev and Yurkov [51] . We present a plate of nominally non-piezoelectric material as consisting of three parts: the inner part made of an 'ideally homogeneous' non-piezoelectric and two thin surface piezoelectric layers ( figure 13 ). The thickness of each piezoelectric layer, λ, is considered to be much smaller than that of the inner part, h. Let us evaluate the polarization response to a bending of the plate, neglecting the bulk flexoelectric effect to see manifestations of the surface piezoelectricity clearer. The piezoelectric coefficients of the layers on the opposite sides of the plate should be of the opposite signs (as controlled by the orientation of the surface normal); the same is valid for the strains caused by the bending in these layers. For this reason, the induced polarizations in these layers are of the same sign. The polarization in the layer is proportional to the strain, which, in turn, is proportional to the product of the strain gradient and h. Meanwhile, when calculating the resulting change of the average polarization of the whole system one divides the bending-induced dipole moment of the sample by h. As a result, the polarization response of the system turns out to be proportional to the strain gradient Figure 13 . Model for the contribution of surface piezoelectricity to the flexoelectric response of a non-piezoelectric material. The surface layers of thickness λ model the surface-adjacent (atomically thin) layers of the material where the piezoelectricity is induced by the symmetry-breaking impact of the surface.
but independent of the plate thickness [6] . Here, we see that the surface piezoelectricity imitates the flexoelectric response, with a contribution independent of the surface/volume ratio, cf feature (i) from the list above.
The above consideration explains the surface-piezo electricity-induced flexoelectric response in the bending mode, however a similar scenario can be developed for the case where the driving force is a longitudinal strain gradient, arising, for example, once a truncated pyramid is loaded [7] .
To elucidate feature (ii), let us quantify the above discussion. We characterize the top layer using the piezoelectric modulus e 311 ≡ e, whereas, for the bottom layer we have e 311 = −e. We also ascribe to these layers the out-of-plane component of the dielectric constant equal to ε λ . For simplicity, we neglect the Poisson ratio so that the plate bending will result in the appearance of only one strain component, u 11 , which can be expressed in terms of the strain gradient . To find the bending flexoelectric response of the sample, we calculate the electrical displacement, D, induced by the strain gradient in a short-circuited capacitor containing the sandwich structure. This can be done using the electromechanical constitutive equation for the top layer appended with the standard electrostatic equations:
where E λ and P λ are the electric field and polarization in the layer; E f , ε f , ε 0 are the electric field in the bulk of the plate, its dielectric constant, and the dielectric constant of the free space, respectively. Note, that, in view of the short-circuit condition, the average macroscopic electric field in the plate E is zero, and thus D equals the average induced polarization in the plate P . Solving this set of equations we find the relationship for the direct flexoelectric response:
where ε λ = ε 0 + χ λ . For thin enough surface layers (λ hε λ /ε f ), equation (113) yields the effective flexoelectric coefficient associated with the surface piezoelectricity:
Let us apply this relation to a high-K material (typically it is an incipient or a 'regular' ferroelectric in the paraelectric phase). In such a material, there is no reason for ε λ to be high, since the special interplay of the atomic forces responsible for the high value of the bulk permittivity in ferroelectrics will be inevitably destroyed in the surface layer. Thus we see that the contribution of the surface piezoelectricity to the flexoelectric response of the plate of a high-K material should scale as its bulk dielectric permittivity, cf feature (ii) from the list above.
It is instructive to explain how the surface-driven contribution can scale as the bulk dielectric constant of the sample. Once the polarization is induced in a surface layer it results in an electric field in the bulk of the sample (due to the short-circuit electrical condition) which is parallel to the direction of the polarization. The magnitude of this field scales as ε f . If the layer is thin enough, the polarization induced by this field in the bulk of the sample mainly controls its polarization response. That is why this response scales as ε f .
As for the size of the effect (feature (iii) from the list above), in section 6.1.3, it will be shown that the value of µ eff 13 predicted by equation (114) can readily be comparable to the expected values of bulk flexoelectric coefficients.
The above treatment has shown how the surface piezoelectricity can contribute to the direct flexoelectric response of a finite sample in the bending mode. Meanwhile, as was shown by Tagantsev and Yurkov [51] , the converse flexoelectric response of a finite sample (flexoelectric bending) driven by surface piezoelectricity also takes place, with the size controlled by the same effective flexoelectric coefficient, in direct analogy with equations (105) and (107).
Surface flexoelectricity
In this subsection we will discuss one more contribution to the polarization response of a finite sample to a homogeneous strain gradient, the so-called surface flexoelectric effect. Similar to the just discussed surface-piezoelectricity-driven flexoelectric response, this effect is essentially controlled by the surface of the sample, being at the same time independent of its surface-to-volume ratio. However, in contrast to the surface-piezoelectricity-driven effect, the surface flexoelectric effect is not expected to be enhanced in high-K materials. For this reason, it is of minor interest from the applied point of view. Nevertheless, we devote this subsection to the surface flexoelectric effect in view of its conceptual importance.
In section 3.2.3, it has been shown that, for the bulk flexoelectric effect, the external strains control the purely electronic contribution while the ionic contribution is fully conditioned by the internal strains. However, there exists a ionic contribution to the total polarization of a deformed sample associated with external strains. This contribution has been put aside in section 3.2.1 and now we address it closely to identify the surface flexoelectric effect. This effect is a delicate phenomenon. This notion was introduced by Tagantsev [25] and currently no other theoretical treatments of it exist. Recently Resta [48] mentioned that there exist arguments which suggest the absence of this effect. In the following paragraphs we outline the treatment by Tagantsev in terms of the point-charge approximation.
Let us first illustrate, using a simple model, the existence of an appreciable surface-controlled contribution to the flexoelectric response of a finite sample. Consider a 2D 'crystal' made of point charges shown in figure 14 . Let us examine its polarization response to a homogeneous strain gradient ∂u 22 /∂x 2 in the external strain approximation, i.e. only the external strains are taken into account. According to the results of section 3.2.1, the system will not exhibit any bulk flexoelectric response. Nevertheless, let us try to derive the total flexoelectric response of the system by calculating the straingradient-induced dipole moment per unit cell. For the cell marked with '1', the induced dipole moment is evidently controlled by the difference between the distances l 2 and l 1 (figure 14) . In the external strain approximation, one readily finds
leading to the induced dipole moment per volume of the cell:
where Q is the charge of the positive ions and v is the volume of the unit cell with the lattice constant a. However, similar calculations for cell '2', for the induced dipole moment per unit volume yield:
Results (116) and (117) are in a sharp qualitative conflict: equation (116) suggests the polarization is parallel to the gradient while (117) implies that it is antiparallel.
To resolve this apparent paradox, we must realize that we are dealing with a surface effect. Indeed, if the sample were terminated in a way that it can be fully built of the cells '1', equation (116) would describe the response of the sample as a whole. Meanwhile, if the sample were terminated in a way that it can be fully built of the cells '2', then equation (117) is applicable. Remarkably, for normal dielectrics (not high-K materials), the effective flexoelectric coefficient corresponding to (116) and (117) is of the order of the expected values of the bulk flexoelectric coefficients (see section 6.1.1). The above model consideration suggests that there may exist an ionic contribution, coming from external strains, which is appreciable and controlled by the surface of the sample. The polarization response discussed above is tightly related to the surface flexoelectric effect, but a more involved treatment is needed to introduce this effect properly, as given below.
Consider a body deformed according to the unsymmetrized strain
is the homogeneous strain gradient in the body and ϒ ij is the mean strain; the origin is set at the center of gravity of the body. The body is presented as a set of point charges. According to (16) , the external strain of the nth charge of this body reads
where R n,j is a vector linking the origin and the location of the nth charge. Using relationship (15) for the variation of the average dipole-moment density of a body under the deformation and taking into account that the relative change of its volume equals the trace of the tensor ϒ ij , one finds the external-strain-driven variation of the average polarization of the body as
where the sums are taken over all charges of the body of volume V (before the deformation). The introduced entities have the following meanings: P 0 j is the average dipole-moment density of the body; Q 0 ij is the average quadruple moment density, calculated according to the standard definition, subtracting away the trace of the matrix [105] ; Q ij is the average quadruple moment density, calculated without subtracting the trace; I is the average density of the trace of Q ij . With regards to a real sample, these factors should be calculated by taking all charges of the system into account, including free charges on the surface and in the electrode (in the case of an electroded sample). One can readily check that all these factors, in general, are strongly dependent on the structure and composition of the surface of the sample and on the presence of the aforementioned free charges. In principle, one can consider these terms as interface-controlled contributions to the piezoelectric and flexoelectric response. For example, the terms ϒ ij P 0 j − ϒ jj P 0 i were considered in the piezoelectric response by Born and Huang [80] and Martin [47] , but these authors did not realize that these terms are surface-controlled. An alternative approach to the external-strain-driven polarization response given by equation (120) has been offered by Tagantsev [25] . Following the definitions of the piezoelectric and flexoelectric tensors, (2) and (3), the condition of vanishing macroscopic electric field ( E = 0) during the application of any mechanical stimulus was employed for the interpretation of this response. Such an approach is adequate with regard to the conventional experimental method measuring the piezoelectric or flexoelectric response in a finite sample. In this method, an electroded sample is short-circuited (before and during the application of the mechanical stimulus) while the polarization response is evaluated by integrating the induced current. Thus, the condition E = 0 requires that all multiple moments of the system are zero (the system is assumed to be electroneutral on average), implying P 0 j = 0 and Q 0 ij = 0. The condition P 0 j = 0 (see equation (120)) ensures the absence of any surface-controlled contribution to the piezoelectricity. However, this condition does not require I = 0, since only the traceless part of the Q ij tensor creates an electric field [105] . Thus, of all terms of equation (120), only the I-term can potentially contribute to the measurable flexoelectric response of a finite sample. Such a contribution is called the surface flexoelectric effect. Using (42) it can be rewritten as
At this point we stop our discussion of this effect, referring the reader for more details to [6] , and make the following remarks. First, similarly to the electronic contribution, this effect is controlled directly by external strains and should not be sensitive to the ferroelectric softness of the lattice. Thus it should not be enhanced in high-K materials. As a result, the surface flexoelectric effect is expected to be of minor importance for practical applications. Second, Tagantsev's treatment of this effect presented above might be too simple for its adequate description. Thus, a more involved treatment is welcome, especially in view of the recent criticism by Resta [48] .
Size and features of the flexoelectric response
The very first discussions of the experimental data on the flexoelectric response in solids [5, 6, 23] revealed a disparity between these data and available theoretical estimates. The measured values of the flexoelectric coefficients were often found to exceed these estimates by a few orders of magnitude.
More recent experimental studies (e.g. [7, 27-29, 41, 42, 77] ) have confirmed this trend. Thus, a natural question arise: Do the theory and the experiment deal with the same effect? In this context, the information provided by both the theory and experiment on the size and typical features of the flexoelectric effect are of primarily interest. Below we address this issue from different sides. Order-of-magnitude estimates for the flexoelectric and flexocoupling coefficients are discussed in section 6.1. In section 6.2 we present some inequalities limiting the possible values of these coefficients.
The results of microscopic calculations of the flexoelectric and flexocoupling coefficients are overviewed in section 6.3. Finally, in section 6.4, we overview experimental results on the flexoelectric effect and discuss them in the context of the available theoretical knowledge.
6.1. Order-of-magnitude estimates 6.1.1. Static bulk flexoelectricity.
An order-of-magnitude estimate for the components of the flexoelectric tensor, controlling the bulk static flexoelectricity, was first offered by Kogan [15] . He gave an estimate for the flexoelectric tensor, µ klij , which is valid only for materials with moderate values of the dielectric constant, underestimating the µ klij of high-K materials. However, if, normalizing this tensor to the dielectric constant, one passes from µ klij to the flexocoupling tensor, f klij , then the estimate for f klij will be valid for all materials, including high-K materials. Let us obtain such an estimate in the spirit of the work by Kogan.
Consider a simple lattice of point charges q with interatomic spacing a. Let this lattice be distorted by an 'atomic scale' strain gradient of the order of 1/a and with an 'atomic scale' polarization of the order of (ea)/a 3 . Such a strong perturbation is expected to modify the energy density in the material, which is of the order of q 2 4π 0 a 1 a 3 , by an amount comparable to itself. Assigning this energy change to the flexoelectric term fP ∂u ∂x in the free energy expansion (9) yields a rough order-of-magnitude estimate for the flexocoupling coefficient
using the electronic charge for q and a of the order of an angström. Note that the accuracy of such a kind of 'atomic' estimate is one to two orders of magnitude.
6.1.2. Dynamic flexoelectricity. The first attempt to evaluate the size of the dynamic flexoelectric effect was made by Harris [16] for ionic crystals such as CsCl and NaCl. In a simple diatomic 1D model he obtained an estimate for the total flexoelectric coefficients µ q 8a
where m 1 and m 2 are the masses of the ions. Some remarks are to be made concerning this estimate. First, it suggests that Harris considers the dynamic effect as the only origin of the flexoelectric response. Second, as is clear from the text of [16] , this estimate was done taking into account only the external strains, so that it has nothing in common with the bulk flexoelectric effect (see section 5.3). Third, the factor
was added to this estimate without any justification. All in all, there are no grounds for this estimate, though it coincides with the true one for low-dielectric-constant materials, given below. Let us evaluate the dynamic contribution to the total flexocoupling tensor using the phenomenological relationship
for this tensor obtained in section 3.3 and a relationship for M is valid for diatomic ionic crystals, which follows from (55) and (51) 
where m 1 , m 2 are the masses of ions having charges Q and −Q, respectively. Taking the components of the elastic constants of the order of the energy density in solids
and using the estimates (m 2 − m 1 )/ρ a 3 and Q q, we find for the dynamic contribution to f tot
Thus, we conclude that, in general, the magnitudes of the static and dynamic contributions to the flexoelectric response are expected to be comparable, with a reservation for the quasi-static situation (see section 3.3).
Surface-related contributions.
There exist two surface-related contributions to the flexoelectric response of a finite sample: one due to the surface piezoelectricity (section 5.2) and the other due to the surface flexoelectricity (section 5.3).
Let us first evaluate the contribution of the surface piezoelectricity in high-K materials, using the result of the model consideration for the effective flexoelectric coefficient
obtained in section 5.2. It corresponds to the effective bending flexocoupling coefficient
For a conservative lower-bound estimate, we consider the surface layer to be atomically thin (λ = 0.4 nm). Then, using e = 1 C m −2 and ε λ /ε 0 = 10, we find f eff 4 V. This value is close to the typical value of the components of the flexocoupling tensor f ijkl ∼ 1-10 V (see section 6.1.1). Thus, we see that the surface piezoelectricity can readily compete with bulk flexoelectricity. Though the above estimate is obtained for the bending geometry, one can readily expect its validity also for the case of the longitudinal strain gradient (e.g. once a truncated pyramid is loaded).
Note that the permittivity does not enter estimate (132), suggesting that it has a 'universal' character and that it also applies to materials with moderate values of the dielectric constant.
The contribution of the surface flexoelectricity can be evaluated based on (125). Setting I ∼ = q/a we find f = I/χ ∼ = q/(aχ ). For materials with moderate values of the dielectric constant, this estimate corresponds to Kogan's estimate (126), implying that in such a material the contribution of the surface flexoelectricity can be tangible. Meanwhile, this estimate suggests that in high-K materials this contribution is of minor importance.
Upper bounds for the static bulk flexocoupling coefficients
Bounds for flexoelectric coefficients in a ferroelectric can be obtained from the analysis of the parameters of its phonon spectrum. It was shown in section 4.1 that the flexoelectric effect leads to a bending of the acoustic phonon branch (see figure 3 ). The acoustic branch may reach the level ω = 0 at some critical wavevector q c = 0. This will happen if the flexoelectric coupling strength exceeds some threshold. The existence of the critical wavevector q c = 0 will mean that the system becomes unstable with respect to a spatial modulation corresponding to this wavevector, and hence that the material undergoes a phase transition into an incommensurate phase. On the other hand, for materials without an incommensurate phase one can get constraints for its flexocoupling coefficients by requiring the absence of such critical wavevectors. Below, using equations (59) and (60), we derive such constraints on the flexocoupling coefficients for the case of cubic (in the paraelectric phase) ferroelectric perovskites.
To get the constraints for the flexocoupling coefficients, in general, one can require the absence of critical vectors of any direction. Being interested in the upper limits for the coefficients, let us require the absence of critical wavevectors only along highly symmetric axes of the crystal. In the materials addressed, such axes are the 4-fold, 3-fold and 2-fold axes. The requirement corresponding to each of these axes will produce a constraint.
The constraint corresponding to the 4-fold axis may be derived from equation (61) . Suppose there exists a wavevector q c = 0 with eigenfrequency ω = 0. Then its magnitude must satisfy the following equation (obtained by setting ω = 0 in equation (61)):
Because the first term in equation (133) is positive, this equation will have no real solution if
which is the sought constraint. One readily checks that if f 2 44 > c 44 g 44 then a critical wavevector necessarily appears in the limit case α → 0.
Analogous constraints may be derived, for the wavevectors parallel to the 2-fold and 3-fold axes, by setting q = (q c , q c , q c ) in equations (59) and (60) . In the case of the 2-fold axis, there appear two pairs of coupled modes. The stability condition for the first one is identical to constraint (134), while the stability condition for the second one reads:
In the case of the wavevector directed along a 3-fold axis the normal modes are two-fold degenerate, and one obtains the following condition:
As one can check, inequality (136) follows from conditions (134) and (135) (134) and (135) form the sought set of constraints for the flexocoupling coefficients in perovskite ferroelectrics.
For the typical ferroelectrics the upper bounds for the flexocoupling coefficients given by (134) and (135) are of the order of a few volts. In particular for BaTiO 3
and for SrTiO 3 14
Based on 'atomic' order-of-magnitude estimates for cs and gs analogous constraints can be obtained for other displacive ferroelectrics.
It is instructive to note that the above reasoning may be reformulated in terms of the ferroelectric domain wall energies. One may obtain the same upper bounds for the flexoelectric coupling coefficients by posing the requirement that a domain wall of any orientation must have positive energy. In particular, for the case of a domain wall with a normal parallel to a 4-fold axis of the perovskite crystal in the tetragonal phase, the upper bound identical to (134) may be obtained as follows.
We have shown in section 4.2.3 that, for this kind of wall, the flexoelectric coupling leads to renormalization of the gradient term
For the domain wall energy to be positive, this term must be positive as well, implying g eff 44 > 0, which is equivalent to (134).
Concerning the derivation of bounds (134)-(136) two remarks are to be made. First, only the lowest in q terms are used in the analysis. However, it gives a correct criterion for the instability (see the paper by Axe et al [22] for a more detailed analysis of the problem). Second, the constraints obtained 13 Calculated using parameters taken from [70] . 14 Calculated using parameters taken from [35, 79] . are strict only for the case of second-order phase transitions, where in the case α → +0 material still stays in the paraelectric phase. However, equations (134)-(136) still give a reasonable approximation for the upper bounds of the flexoelectric coupling coefficients in a first-order phase transition (such as BaTiO 3 ) and incipient (such as SrTiO 3 ) ferroelectrics, where α approaches close to zero but does not reach it.
The upper bounds obtained are useful for the interpretation of experimental data on the flexocoupling coefficients. If the measured flexocoupling coefficients are essentially inconsistent with these constraints, this fact indicates that the explanation of the response characterized is beyond the static bulk flexoelectric effect.
Microscopic calculations of flexoelectric and flexocoupling coefficients
Among four contributions to the flexoelectric response, microscopic calculations were performed only for the static bulk flexoelectric effect. Below we will discuss the results of these calculations available in the literature for a number of materials. In section 6.3.1, we address the ionic contribution to the flexoelectricity in high-K materials (ferroelectrics), while section 6.3.2 is devoted to other relevant calculations.
Ionic contribution in perovskites.
In ferroelectric perovskites, the ionic contribution dominates the static bulk flexoelectric response since it scales as the dielectric constant, which is enhanced in these materials. Several methods were used for the microscopic evaluation of this contribution.
Maranganti and Sharma [43] implemented an approach offered by Tagantsev [25] to calculate the flexoelectric tensor from the dynamic matrix of the crystal and the transverse Born ionic charges. These authors obtained the dynamic matrix by using a zero-kelvin density functional theory (DFT). The three independent components of the flexoelectric tensor, µ 11 , µ 12 , and µ 44 were calculated (in nC m −1 ): 0.15, −5.5, and −1.9 for BaTiO 3 and −0.26, −3.7, −3.6 for SrTiO 3 , respectively. To compare the absolute values of the obtained coefficients with experimental data, one should pass from the µ klsj tensor to the f klsj tensor µ klij = χ is f klsj . Then, in view of expectedly weak temperature dependence of f klsj , one can use the results of a zero-kelvin theory. The values of the f klsj tensor may also be compared with the order-of-magnitude estimates. However, such comparisons are hardly possible since the components of the zero-kelvin dielectric susceptibility in the DFT models used are not provided in this paper. Meanwhile, the signs of the tensor components and the relationships between them may be compared with the experimental data.
Another method to obtain the µ klij tensor consists of direct calculations of the polarization response in an inhomogeneously deformed crystalline lattice. In view of the periodic boundary conditions typically required for first-principles calculations, consideration of a periodic distribution of the strain gradient (as the source of a 'static' wave of external strains) is a reasonable option. Then, once the transverse Born ionic charges are available, the amplitude of the polarization wave can be found. This approach was directly implemented by Hong et al [44] in their calculations for some ferroelectric perovskites. These authors introduce the static strain wave via fixing the positions of the A-site atoms (e.g. Ba in BaTiO 3 ) as a sinusoidal function of the distance, the direction of the atomic displacements and the modulation direction being parallel to a cubic crystallographic axis. Such conditions of the simulation imply conservation of the longitudinal component of the electrical displacement (the appearance of the depolarizing field) so that it should yield the µ D 11 component of the flexoelectric tensor defined at fixed electrical displacement
where ε is = ε 0 δ is + χ is is the permittivity tensor (cf the discussion concerning relationships (47) and (48)). In high-K materials, obviously, to within a good accuracy µ D 11 = ε 0 f 11 . The µ D 11 values obtained in [46] correspond to the values of f 11 (in volts): −40 for BaTiO 3 and −150 for SrTiO 3 . In view of Kogan's estimate (126) these values look too large. Since the values of f 12 are not obtained in these calculations, we cannot check these results for compatibility with the stability conditions (137) and (138): |f 11 − f 12 | < 7 V for BaTiO 3 and |f 11 −f 12 | < 10 V for SrTiO 3 . However, it is clear that, for such large values of f 11 , these conditions can be readily violated unless in these materials the components f 11 and f 12 are by chance rather close in value.
A method based on a 'static' wave of external strains was also used by Ponomareva et al [45] for calculations of zero-kelvin values of the f klsj tensor and finite-temperature values of the µ klij tensor for the solid solution Ba 0.5 Sr 0.5 TiO 3 . Here the effect was addressed by employing Monte Carlo simulations with an ab initio-calculated effective Hamiltonian; the contribution of the depolarizing energy was deliberately eliminated. These calculations confirmed the validity of the phenomenological relationship µ klij = χ is f klsj . Three independent components of the flexocoupling tensor, f 11 , f 12 , and f 44 , were obtained (in volts): 5.1, 3.3, and 0.045, respectively. These values agrees with Kogan's estimate and are consistent with the stability conditions (137) and (138) for the end members of the solid solution. A drawback of this work is that, in the ab initio calculations of the f klsj tensor, the wavelength of the 'static' wave was only two lattice constants in size, implying that only the interaction between the local dipole and strain inside one unit cell was taken into account. Such an approximation can readily entail some 50% inaccuracy.
6.3.2. Other microscopic calculations. Using the technique employed for calculations of the flexoelectric coefficients for perovskite ferroelectrics, Maranganti and Sharma [43] addressed a number of cubic binary crystals (GaAs, GaP, ZnS, KCl, and NaCl). The dynamic matrices were calculated using the ab initio and shell lattice dynamics models. In all these materials, the flexoelectric coefficients found correspond to the components of the f klsj (flexocoupling) tensor, having absolute values of the order of 0.1 V. Both positive and negative components were reported. The results obtained using the shell model were found in a good agreement with the shell-model results reported earlier by Askar et al [18] . However, it was found that the sign of the flexoelectric coefficient may depend on the lattice dynamics model used for the calculations of the dynamic matrix. The value of 0.1 V for the components of the f klsj tensor is 1-2 orders of magnitude smaller than Kogan's estimate. The reason for the anomalously small flexocoupling coefficients in these materials is not clear.
The purely electronic contribution, associated with the redistribution of electronic density driven by the external strains (see section 3.2.3), was evaluated for a number of crystals by Hong et al [46] . The flexoelectric coefficients defined at fixed electrical displacement µ eld 11 were calculated using the DFT. For the perovskites BaTiO 3 , SrTiO 3 , and PbTiO 3 , it was found that µ eld 11 /ε 0 ≈ −16 V. For NaCl, MgO, Si, and C, the reported values of µ eld 11 /ε 0 (in volts) are −5, −11, −12, −20, respectively. We should recall that, in these calculations, only a part of the electronic contribution is addressed. For this reason none of the obtained results are suitable for comparison with any experimental data which might in the future be collected for these materials. This reasoning holds for non-ionic Si and C as well. In these structures, where not all atoms are the centers of inversion, some redistribution of the electronic density driven by the internal strains should also occur. Thus, the mixed contribution from (41) should also be taken into account for a proper description of the flexoelectricity even in Si and C.
Experimental data
Flexoelectricity in solids can be directly evaluated using two different experimental methods: (i) an analysis of the phonon spectra and (ii) macroscopic characterization of the electrotechnical response of a finite sample. In general, these methods provide different information about the phenomenon.
The phonon spectra provide information on the joint action of the static and dynamic bulk flexoelectric effects. The spectra are typically obtained using neutron inelastic scattering or Brillouin scattering.
The macroscopic characterization provides information on the static bulk flexoelectric response and the contribution of the surface piezoelectricity. Such a characterization is most commonly performed using some variation of the two methods sketched in figure 15 .
The first method consists of dynamically bending the material in a cantilever beam geometry in order to generate a transverse strain gradient ( figure 15(a) ). The flexoelectric polarization can then be measured by recording the displacement current flowing between the metallic plates. In this way the coefficientμ 12 components of strain gradient are inevitably present,μ 12 is an effective flexoelectric coefficient involving a combination of flexoelectric tensor components that depends on the precise geometry of the system [41, 42] , hereafter we term it as Figure 15 . Methods most commonly used to quantify the flexoelectric response: (a) beam bending, (b) compression of a truncated pyramid. The action of the mechanical force is shown with arrows; the response is characterized by the current measured between the electrodes (shown in gray). Reprinted with permission from [12] . Copyright 2013 Annual Reviews.
effective transverse coefficient. In the case of an isotropic bent beam, for example,μ 12 = −νµ mac 11 + (1 − ν)µ mac 12 , where ν is the Poisson ratio. Here the components µ mac 11 and µ mac 12 characterize the flexoelectric response of a finite sample. In the typical case of quasi-static measurements, these components are not affected by the dynamic flexoelectric effect (see section 3.3), however, they can contain an essential contribution associated with the surface piezoelectricity (see section 5.2).
The second method for measuring direct flexoelectricity involves uniaxial compression of a truncated-pyramid-shaped sample [7] , as illustrated in figure 15(b) . The stress σ 33 = F/S, generated by the pair of forces F, is different at the top and bottom surfaces of the truncated pyramid due to their different areas S, setting up a longitudinal strain gradient and thus generating a flexoelectric polarization
Again,μ 11 is an effective coefficient, hereafter we term it as the effective longitudinal coefficient. Under the assumption that the strain gradient is homogeneous over the pyramid, µ 11 can be expressed in terms of the µ mac ijkl tensor [9] . For example, in the case of an isotropic material one findsμ 11 = µ mac 11 − 2νµ mac 12 . A pyramid-shape sample can also be used for monitoring the converse flexoelectric response. Application of a voltage to such a structure gives rise to a non-uniform field distribution and hence polarization gradients that, in turn, generate strain in the sample through the converse flexoelectric effect. The induced strain can be measured using interferometric techniques [7, 31] . Such measurements always include a contribution from electrostriction, which usually dominates the signal. However, the field dependence is different for electrostriction (quadratic) and flexoelectricity (linear) and therefore the two effects can, in principle, be separated.
In classical crystalline materials, both the analysis of the phonon spectra and the macroscopic techniques are used for the characterization of flexoelectricity. In ceramics, the phonon-spectrum-based approach cannot be applied, so only the macroscopic techniques were employed. The following two subsections are devoted to the discussion of the experimental data on crystals and ceramics, respectively.
Crystals-phonon data.
In displacive ferroelectrics (regular or incipient), the long-wavelength low-energy part of the phonon spectrum can be described using the continuum Landau-theory framework. In this framework, the interaction between the optical soft mode and the acoustic branches in the paraelectric phase is fully controlled by the flexoelectric coupling (section 4.1). Thus, the analysis of the phonon spectrum can provide information on flexoelectricity in the material. There are two limitations for this technique. First, it is always sensitive to both static and dynamic flexoelectric effects. Second, as is clear from the dispersion equation for the spectrum (61), it does not give the absolute sign of the components. At best, using this technique one may conclude that two components are of the same (or of the opposite) sign.
An accurate analysis of the Brillouin scattering data can provide information on the components of the total flexocoupling coefficient (57)
Using such an analysis Tagantsev et al [106] determined |f tot 44 | = 2.2 V for crystalline SrTiO 3 based on experimental data by Hehlen et al [38] . Let us explain the main points of this analysis. The transverse acoustic phonons propagating along a cubic crystallographic axis of SrTiO 3 are considered. Since the typically values of wavevectors of acoustic phonons probed with Brillouin scattering are small compared to the reciprocal lattice vector, relationship (64) for the description of the small nonlinearity of the dispersion of the acoustic branch in this case may be simplified to [35, 39] ∼0, 1.8 2.9, 2.5
To simplify this the relations (62) and (63) were used. Once the parameters c 44 , α = 1/ε f entering relationship (144) are known, the absolute value of f tot 44 can be determined by fitting the experimental spectrum to relationship (144). Here one should note that, in [106] , the dynamic flexoelectric effect was not taken into account, i.e. in (143) M is was set zero. As a result, the value of 2.2 V obtained was actually attributed to the f 44 component of the flexocoupling tensor. Clearly, relations analogous to (144) can be derived for acoustic phonon propagation in other directions, yielding information on the other components of the f tot klij tensor. The information on the flexoelectric coupling can also be obtained from a treatment of the low-energy phonon spectrum of a crystal probed with the neutron scattering technique. In this case, the energy resolution is much lower than in the Brillouin scattering technique but the spectrum is available in the whole Brillouin zone. In some perovskites, the treatment of long-wavelength low-energy part of the spectrum (two branches of the soft mode + three acoustic branches) was actually done [35, 39] in terms of equations (59) and (60), however, with the contribution of the dynamic flexoelectric effect being omitted, i.e. in equations of motion (59) and (60) M is was set to zero and the mode coupling is described in terms of the f klij tensor only. Thus, such a treatment of a spectrum gives some effective values of the flexocoupling coefficients f eff klij , corresponding to a frequency-weighted sum of the static and dynamic contributions (see section 4.1). These coefficients can essentially differ from the components f tot klij , once the deviation of the dispersion of the acoustic branch from the linear law is appreciable (see figure 3 ). This issue is discussed in section 4.1. The components of f eff klij evaluated from the neutron scattering data are listed in table 1 . The values given in table 1 contradict neither the Kogan's estimate nor the stability conditions (137) and (138). However, a quantitative comparison of these results with the experimental data or theoretical results on tensors f klij and f tot klij is not directly possible in view of the aforementioned frequency-weighted summation.
Crystals-macroscopic measurements.
The only crystal for which the flexoelectric response has been substantially characterized using macroscopic measurements is SrTiO 3 . Zubko et al [41, 42] employed a modification of the bending method ( figure 15(a) ) to characterize the flexoelectric response in single crystals of this material. It was found that the measured flexoelectric response (actually it is controlled by the effective transverse coefficientμ 12 from (141)) is linear in the applied strain gradient and that its temperature dependence follows that of the dielectric constant. For a beam cut according to the crystallographic cubic axes at room temperatureμ 12 = 6.1 nC m −1 is reported. To get all the three independent coefficients characterizing the flexoelectric response of cubic SrTiO 3 the authors performed bending experiments with different orientations of the beam, findingμ 12 of the same order-of-magnitude for all beam orientations. However, pure bending experiments yield only two independent equations for the three components of the flexoelectric tensor [42] and the authors combined their data with the component f 44 = 2.2 V of the flexocoupling tensor taken from the Brillouin scattering data to find f 11 = 0.08 V and 15 f 12 = 2.6 V.
Since these components of the flexocoupling tensor were obtained using the data of static measurements in a finite sample and the phonon data, they are expected to be controlled by three effects: static bulk flexoelectricity, dynamic bulk flexoelectricity, and the surface piezoelectricity. Such an attribution is well supported. First, the experimental values of the flexocoupling coefficients are consistent with the order-of-magnitude estimates for the contributions of these effects. Second, the flexoelectric response was documented to scale as the dielectric constant of the material, which is again consistent with the theoretical predictions for these effects. However, a more quantitative comparison with the theory is hardly possible. First of all, the surface piezoelectricity may substantially affect the flexoelectric response, while no quantitative theory for this effect is currently available. Moreover, even if we assume that for some reason this effect is not active in the SrTiO 3 samples studied, one will still not be able to quantify the analysis of the experimental data. In view of the quasi-static regime of measurement, the bending-experiment data are fully controlled by the static bulk flexoelectric effect. Meanwhile, there is problem with use of the Brillouin data. First of all, this technique yields the components of the f tot klij tensor not f klij . Because of the dynamic flexoelectric effect, these tensors can be essentially different. In addition, as was indicated in the preceding subsection, this technique does not yield the sign of f tot 44 .
Ceramics-macroscopic measurements.
Using the beam-bending and pyramid-loading methods, the flexoelectric response was characterized in a number of perovskite ceramics. Particularly high coefficientsμ 11 andμ 12 (tens of µC m −1 and more) have been measured close to the ferroelectric-to-paraelectric phase transitions of (Ba, Sr)TiO 3 , relaxor PMN, and (Pb, Sr)TiO 3 ceramics, where the dielectric constants reach values exceeding 10 000-20 000. Measurements of the flexoelectric response as a function of temperature confirm the expected trend for scaling of µ with χ, as illustrated in figures 16(a)-(c) for several perovskite compounds in their paraelectric phases. The exact proportionality between µ and χ predicted by equation (12) , however, does not always hold, as can be seen most clearly in figures 16(b), (c) . For the ceramics in the paraelectric phase, the flexoelectric response was reported linear in the applied strain gradient. In contrast, the data for unpoled ceramics in the ferroelectric phase correspond to a pronounced super-linear polarization/strain gradient dependence ( figure 16(d) ).
The flexoelectricity in perovskite ceramics was also probed with the electrical loading of pyramidal samples, the method mentioned at the beginning of section 6.4. This method was used by Fu and coworkers to measure the converse flexoelectric effect and thus estimate the flexoelectric coefficientμ 11 for BST, which was found to be in excellent agreement with measurements of the direct flexoelectric effect [31] . A similar method was also used by Hana et al to study converse flexoelectricity in PbMg 1/3 Nb 2/3 O 3 -PbTiO 3 [33, 107] .
Originally, the results obtained for ceramics in the paraelectric phase were attributed to a manifestation of the static bulk flexoelectric effect (see e.g. [7] ). However, in the context of the recent developments in the field, such an interpretation may be questioned. Firstly, it was shown that the contribution of surface piezoelectricity scales with the bulk dielectric constant. In view of this, the fact that the measured flexoelectric response scales as the bulk dielectric constant does not necessarily imply that one is dealing with static bulk flexoelectric effect. Secondly, the reported values ofμ 11 andμ 12 often correspond to the those of the components of the flexocoupling tensor f klij , lying in the range 100-900 V, which far exceeds Kogan's estimate f klij 1-10 V for ionic solids. In addition, such high values can hardly be compatible with the constraints (135) and (134) associated with the stability of the system with respect to the formation of an incommensurate state. All in all, the mechanism behind the giant flexoelectric response in perovskite ceramics remains obscure, making it appealing for theorists. The results on the flexoelectric response in non-poled Pb(Zr, Ti)O 3 ceramics are also challenging for theorists: a pronounced super-linear polarization/strain gradient dependence ( figure 16(d) ) suggests a domain contribution to the flexoelectric response [29] , while no relevant theory is currently available. This issue is tightly related to the problem of the flexoelectric switching discussed in section 4.3.3, where the domain-assisted flexoelectricity may be relevant.
Conclusions and open questions
As one may conclude from reading this review paper, flexoelectricity exhibits many facets relevant to both the fundamental properties of solids and their practical applications. It is also clear that despite the considerable effort expended on theoretical and experimental studies of flexoelectricity there exist many open issues attesting to a limited understanding of the physics of flexoelectricity in real systems. Concluding this paper we would like to draw the attention of the reader to the most important of them.
The situation with flexoelectricity in perovskite ceramics is challenging [7] . The level of the flexoelectric response in these materials is suitable for use in practical electromechanical devices [56] . Meanwhile, the reported values of the flexoelectric constants are compatible neither with theoretical estimates nor the constraints associated with the stability of the crystalline structure of these materials (see section 6.4.3). Thus, the mechanism behind the flexoelectricity of perovskite ceramics remains obscure. This missing knowledge seems to be a serious obstacle for further practical development of flexoelectric materials.
The data on the flexoelectric response of unpoled perovskite ceramics in the ferroelectric phase suggest the presence of a domain contribution to the direct flexoelectric effect [29] . The data on the flexoelectricity-driven polarization switching [20, 77] reveals a very strong switching action of the strain gradient (much stronger than that expected for the static bulk flexoelectric effect). The presence of a strong domain contribution to flexoelectricity might resolve such a controversy. However, no theory of domain-assisted flexoelectricity is currently available.
Any comparison of the theoretical results with experimental data on flexoelectricity is still a challenging task. For the moment, one can only state that (i) the temperature dependence of flexoelectric response is often close to that of the dielectric constant, in agreement with the theoretical prediction, and (ii) the orders of magnitude of the flexocoupling coefficients in crystals are consistent with the rough estimate by Kogan. However, a more quantitative comparison with the theory is not currently possible. The phonon data cannot be compared with theoretical results since such a comparison requires theoretical values for the tensor M ij (see equation (52) ) controlling the dynamic contribution to the flexoelectricity, which are not currently available. The quantitative interpretation of the data obtained from macroscopic measurements is also problematic in view of a possible contribution of the surface piezoelectricity, the quantitative theory of which is not yet developed. Last, but not least, there exists a purely experimental issue: in all experiments at least two contributions to the flexoelectric response are active: either the static and the dynamic or the static and the surface-controlled. Though a simple model for the flexoelectric response conditioned by the surface piezoelectricity was recently offered [51] no microscopic theory of the phenomenon is currently available. Such a theory might clarify the very strong flexoelectricity in perovskite ceramics. On the phenomenological side, it looks interesting to link the flexoelectric response conditioned by the surface piezoelectricity with the Landau-theory treatment of the surface piezoelectricity [108, 109] .
And, finally, a most challenging issue for understanding and quantitative theoretical description is the strain-gradient-assisted preparation of perovskites in a polar (quasi)amorphous state and the notion of plastic flexoelectricity (see section 4.3.4).
